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Abstract. This paper examines the concept of a stratified exact category 
in the context of number rings and corresponding Galois groups. BOG reci- 
procity and duahty are proven for these categories making them highest weight 
categories. The strong connections between the structure of the category and 
ramification in the ring are explored. 

1. Introduction 

In ^ , Dyer introduced the concept of a stratified exact category. Such a category 
is constructed from a set of data E = {k,^,{Nx}xGn}, satisfying the properties 
listed in Section 4 of this paper. Here fc is a commutative, Noetherian ring, 3§ 
is an Abelian k-category and the are objects of indexed by a finite poset 
ri. The category is equipped with a family of "sheaf exact " sequences, making 
it an exact category in the sense of Quillen [T2]. The category constructed 
from the set of data given has, under mild finiteness assumptions, a projective 
generator P. Using a projective generator for "70, one constructs an associated k- 
algebra £/{P) — End{P), which is unique up to Morita equivalence. The functor 
Hom{P, —) from to j2/(P)-mod is fully faithful and exact, with the property 
that the image of a sequence from is exact in £/ (P)-mod if and and only if 
the sequence is sheaf exact in A more detailed treatment of these categories 
is provided in where proofs of their fundamental properties are supplied. In 
[5] , Dyer shows how such sets of data arise naturally in the cases of real reflection 
groups, crystollographic reflection groups, Kac-Moody Lie algebras and Quantum 
groups. In [T|, Brown gives an example of how these categories can be applied to the 
Virasora algebra. In this paper we will show how such a set of data arises naturally 
in a number theoretic situation. We will examine the resulting category and show 
that some of its categorical properties reflect the number theoretical properties of 
the underlying ring. 

Let R be the ring of integers of a number field K and let S be its integral closure 
in a Galois extension L. Let G = {o'gnO'g2: ' ' ' '"'snl be the Galois group of L/K. 
We let f2 be a poset giving a total ordering on the indices of G. We assume here, 
for simplicity, that gives gi < 52 < • ■ • < ffn- In section 5 we extract a set of data 
using these assumptions, and construct a stratified exact category "^(5^^5,0,0)- It 
is the full subcategory of S (E)r S modules, M, with a filtration 

(1.1) M = M^" D D 3 • • • D Mf" = 0, 

where Af^'^^/M^* is finitely generated and projective as a right S module and 

(si (g) S2) • u = us2crgi(si), for any u e M^'-"- /M^\ 
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Such a filtration is unique, hence we can refer to M^' without ambiguity. Given 
a sequence 0— >-M^A^— >P— >OofS' (>^r S modules in '^(S(g)RS,n,G)j '^e say it is 
sheaf exact if each 



is exact as a sequence of S(^r S modules. The category '^(s^rtS,n,G) equipped with 
these sheaf exact sequences is an exact category in the sense of Quillen. 

In section 6, we give an explicit construction of a projective generator P for the 
category '^(s^iiS,n,G} and in Section 7, we determine the structure of the associated 
5-algebra £/s(g)RsiP), by representing it as a quotient of a matrix ring. We prove a 
number of results relating these algebras to the structure of the ring S. In section 
8 we prove the following result: 

Theorem 1. Let Q he a prime ideal in S and let Fq ~ S/Q be the residue class 
field of £l in S. Then the algebra s^q = J^s^nSiP) Fq is a semisimple Fq 
algebra if and only if the ideal £) is unramified in S . 

We also prove the following duality theorem for the projective modules in the 
category '^(s^rSM.g)- 

Theorem 2. Let Q be a projective module in the category '^{S0iiS,n,G)- Then 

Q* = Hom(s(SBS) {Q, S (E}R S) 

is also projective in the category '^(s®n,s,n,G)- In fact Q* is isomorphic to Q locally 
at every prime of S . 

Further, we show that the category ^Q-mod has a reciprocity analogous to BGG 
reciprocity as outlined below. This reciprocity is discussed in more detail in Section 
10, see Irving [7] and Cline, Parshall and Scott [2] for further details. We find a set 
of simple modules which constitute a complete set of representatives of 

the isomorphism classes of the simple modules in £/Q-mod. We also find a set of 
projective covers {P{gi)}i=i for the simple modules {^(5;)}?=! ^/Q-mod. If M 
is a module in .g^-mod, we let [M : L{gi)] denote the number of times that L{gi) 
appears as a factor in a composition series for M. We will show in section 10 that 
we can choose a set of Verma modules for the category j^/d-mod. In particular, we 
will choose a set of modules M{gi), 1 < i < n, universal n the algebra .e^-mod 
with respect to the following properties; 



[M(5,) : L{g,)] = 1, [M{g,) : L{g,)] ^ if j > i and M {g,) / Rad{M (g,)) = L{g,). 



for 1 < i, j < n. Each projective indecomposable P{gi) has a filtration (a Verma 



where each quotient P{gi)k/ P{gi)k-i is equal to M{gj) for some j,l < j < n. 
Now we let {P{gi) ■ M{gj)) denote the number of quotients of the form M{gj) in a 
Verma flag for P{gi)- This turns out to be well defined and in Section 10, we show 
that we have the following reciprocity in .s/Q-mod: 

Theorem 3. Let Q be a prime ideal of S and let E denote the inertia group of Q in 
the Galois group G. Let L{gi), P(gi), M{gi), 1 < i < n be the modules in jz/^-mod 
discussed above. Then 
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P{g^)o ^ {0} c P{g,)i c ■ ■ ■ c P{g^)K, 
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The duality from Theorein[2]above, the existence of Verma flags for the projective 
indecomposables and the universal property of Verma modules ensure that the 
category ^Q-mod is a highest weight category as discussed in Cline, Parshall and 
Scott 0. 

This paper is computational in nature and many computations rely heavily on 
the structure of the ring S (Eir Sq, where 13 is a prime ideal of S. In section 2, we 
derive the following result on the structure of this ring: 

Theorem 4. Let Q be a prime ideal of S and let E he the inertia group of Q in G. 
Then we have a set of orthogonal idempotents {x^}™ ^ one to one correspondence 
with the cosets of E in G such that S Sq is a direct product of subrings {S (8)^ 
S'q)^^. Each subring (S ®r SQ)xi is isomorphic to the ring S®Se where Se is 
the subring of S fixed by E. 

Acknowledgement The author wishes to thank Matthew Dyer for suggesting 
this problem and for helpful conversations. 

2. Notation and Definitions 

We will use the following conventional notation. If X is a set, |X| will denote 
the number of elements in the set X, and / C X will indicate that / is a subset 
of X, possibly equal to X. The empty set will be denoted by 0. The notation 
I'^ or X\I will be used to denote the complement of / in X. The symbol = will 
denote isomorphisms between, rings, groups and modules. We will denote which 
type of isomorphism is intended only when it is unclear from the context. If A is 
a commutative ring and DJt a prime ideal of A, then the localization of A at the 
multiplicative subset A\'lOl = {a E A\a ^ 9Jt}, will be denoted by Am. We ask the 
reader to bear in mind that the notation used for Se above is similar and hope that 
the meaning will be clear from the context. The set of units of a commutative ring, 
A, will be denoted by A* . If A is a subring of the commutative ring B and /3 is an 
element of B, then A[l3] denotes the subring of B generated by A and /3. If T and 
U are Dedekind domains, with U T, then we have unique factorization of ideals 
in both rings. If 12 is an ideal of T and *P is an ideal of U, we say that 13 lies above 
*P if the ideal appears in the factorization of the ideal *PT in T (or equivalently 
if n f/ = If q3T = 0*=^, where m is an ideal of T relatively prime to 0, we 
say e is the ramification index of with respect to *p. If e > 1 for some lying 
over *p, we say that *P ramifies in T. If t e T, and tT = 0°*H, where 9\ is an ideal 
of T relatively prime to 0, we say that o is the order of t at 0. For a commutative 
ring A, M„(A) will denote the ring oi n x n matrices over A. 

Below, we wih define L,K,G ^ {a-g^ , 0-32 ; ' • ' , }, i?, S*, *P, 0, , </>', , Ig. , 
{S (Er S)^\{S (Er S)i,Lg. Sg-,SQ^g- ^ud S [cT g .] . Thcsc symbols will retain this 
meaning throughout the paper. 

Let L and K be subfields of the complex numbers, C, having finite degree as a 
vector space over Q. We assume further that L is a Galois extension of K of degree 
n, with Galois group G = {cTg^ , ag^ , CFg^ , ■ ■ • , CTg^ }. Let S and R denote the integral 
closures oi Z in L and K respectively. Let *p be a prime ideal of R and let be a 
prime ideal of S lying above *p. We let E denote the inertia group with respect to 

E = E{Q\^) = {ct e G\a{a) = a(mod 0) for aU a G S}. 
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Following the notation of \]A, Chapter 4], we let Le denote the fixed subfield of 
E in L, Se, the ring of algebraic integers in L^;, and Qe the unique prime of Se 
lying under £}. We know, from Galois theory, that L is a Galois extension oi Le 
with Galois group, E. We also know, by [11] Theorem 28, Chapter 4], that Ob is 
totally ramified in S, that is QeS = Q^^^S and [L : Le] = \E\. 

We will make frequent use of the homomorphism from the tensor product 
L ®K L to the direct sum of n copies of L defined as follows: 

(g) ^2) = (o-gi (^1)^2, 0-32 (^1)^2, CTg., (^1)^2, • • • ,(Jg„ {h)h)- 

We define the homorphism (jig^ : L®k L ^ L a.s the map 4> followed by projection 
onto the component corresponding to tTg^ , that is 

In fact we can show using Dedkind's lemma that cf) is an isomorphism; 

Lemma 2.1. The map 4> ■ L ®k L Lg^ © Lg^ © Lg^ © • • • © Lg^, where Lg. 
is a copy of L, given above is a ring isomorphism. This isomorphism restricts 
to an imbedding of the ring S <Sir S ( respectively S <E)r Sq) into the ring Of^iSg. 
(respetively (Bf^iSQ^g.), where Sg^ is the ring of integers of Lg. and SQ,g. is its 
localization at (j)g. {1 <Si Q). 

Proof. We can view L®k L as a right vector space over L with basis {cj (8) 1, 1 < 
iij l£ 1^}, where ei, 62, ... , e„ is a basis for L as a vector space over K. On the other 
hand Lg^ © Lg^ © Lg^ © • • • © Lg„ is also a right vector space over L in the obvious 
way. Since (f> is clearly a homomorphism of vector spaces over L, by comparing 
dimensions we see that it suffices to show that is a monomorphism, in order to 
show that it is an isomorphism. 

Let ® h be an element of ker 0. Applying to this element we see that 

J2i=i(^9ii'^i)^i^'^g2i'^i)h, ■ ■ ■ ,o-g„(ei)/j) = (0,0, • • • ,0). Equivalently {h.h,-- -^DD = 
(0, 0, ... , 0), where D is the matrix given by 

/(7g,(ei) ag^id) ••• crg„(ei)\ 
^_ 0-91(62) 0-^2(62) ••• crg„(e2) 

\o-gi(e„) ag^icn) ■■■ crg„(e„)/ 

By Dedekind's lemma [8] [section 4.14, p. 291], we have cTg^ , ag^ , ■ ■ ■ , crg^ are linearly 
independent over L and hence the matrix D is invertible. Hence {li, I2, ■ ■ ■ , In) = 
(0, 0, ... , 0) and is a monomorphism as required. 

The second statement of the lemma is now obvious since each (l)g^ {S (>^r S) = S 
and {S (^R Sq) — Sq for each k. □ 

Since E = {cf^i , cr^^ j ■ ' ' i '^eiEi } Galois group of L over Le, we also have 

an isomorphism 

(/)' : L ®Le i ^ iei © ie2 © • • • ® ieiEi , 

where each Lg. is a copy of L, given by 

(f)' {h (g> h) = (a-ei(Zl)?2,0-e2(/l)Z2,Cre3(Zl)Z2, • • • , CTe^El ih)h) ■ 

We also define : Li ®Le L2 L^^, by (j^'e^ih (8) h) = 'Jek{h)l2- 

We have that S' (X)_r, 5 is an 5 — 5 bimodule in the usual way, with s{si (g) S2) — 
ssi (g) S2 and (si g) 82)3 = si g) S2S. We can also give Sg^ © © © ••• © Sg^ an 
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S — S bimodule structure as follows: (si, S2, S3, ... , s„)s — (sis, S2S, S3S, . . . , s„s) 
and s(si, S2, S3, • . • , Sn) = (cTg^ (s)si, CTg^ (s)s2, 0-33 (s)s3, . . . , crg„(s)s„). The bimod- 
ule structures above give both modules the structure of an S <Sir S module and 
4> : S S — S'gj © © © • • • © Sg^ is homomorphism of S S mod- 
ules. In fact, from the lemma above, we see that we have a monomorphism 
4> : S — ^ {Sa)gi © (<5'Q)g2 © {SQ)g^ © • • • © (S'Q)g„ betwceu the locahzations 
of these modules at the prime ideal 0, when we regard them as right S'-modules. 
We have similar results for 0'. 

We can also endow a single copy of S with an S" — S* bimodule structure as 
follows: for a given ag^ S G, we let 5'[o'gJ be the S ~ S bimodule which is S* as a 
right S'-module and su = uag-{s) for all u G -SicgJ and s G S. Again this gives 
S[ag.] the structure of an S (g)_R S module and we see that (l>g- : S (Xifl 5 — >■ S* is in 
fact an S (>^r S module homomorphism from S <Sir S into ^[crg.]. Similarly we see 
that : S (^Se ^ ^ ^i'^ek] ^ homomorphism of S ®r S modules. 

Let S, R, L,K,G — {cg^ , ag^ , ■ ■ ■ , Cg,, }, (f> and 4>g^ be as defined above. Let / be 
a subset of G, we define 

{S (g)_R S)i ^ {x e S-SjR S\(f>g^ (x) = for all i such that cTg, ^ /} 

and {S (g)_R Sq)i ~ {x e S (^r SQ\(j)g-{x) = for all i such that ag. ^ 1} it is not 
difhcult to see, that {S(g)RS)i {{S(g)RSo)i} is an ideal of {S(g)RS) {resp (S'K'.rS'q)}, 
by examining the images when (j) is applied. 

Since {S(S)RSQ)ir\S(»RS ^ {S (»rS)i, we see that {{S^rS)i)q = iS(S)RSo)i 
as follows: for a: G S' (^r S, given k such that 1 < fc < n, we have x G ker (j)g^ if 
and only if a;(l (g) s~^) G kercfig^ for every s G S\£}. We see that {{S (^r S)q)i — 
{x{l (g) s"^) \ X G S (g)R S, s G S'\i3, (/>gja;(l (g) s^^)) = for all k such that ag^ ^ 
1} = {x{l (g> s~^) \ X e S(g)RS, s G S'\Q, (a;) = for all k such that ag^ ^ 1} = 
iiS^R S)i)n 

We will sometimes use a different notation for some special cases of the {S ^r, 
S)i {{S (Sr Sq)i} constructed above, when they appear in filtrations of modules. 
We let 

{S ®R S)s^ ^{xeS^R S\^g, (x) = for all k<i}^iS®R S)i^^^^ , 

where Ig. ~ {ag.^ag-^-^,..., o-g^}, i < n and /g„+i — 0. We use a similar definition 
for {S (E)R SqY'. This notation is consistent with that used by Dyer in [4] and 
[5j and is itself a special case of the notation used for filtrations of modules. In 
general if X = {cxi, o'x2, ■ ■ ■ cr^^} is a set of ring endomorphisms of 5*, indexed 
by the poset {xi,X2, ■ ■ ■ ,Xn} with ordering xi < X2 < ■■■ < x„, we let J^,. = 

We also use the following slight abuse of notation throughout the paper. Let 
9 e S such that L = K{9). We say that S(»rS ^ R[e] (E)rS (respectively S'(g)_RS'<p 
= R[6] (8)^ S'tp) if each x G S (8)_r, S (resp. S (>^r S'>:p) has the form x = J2 fii^) ^ 
where fi{e) G R[e] and s^ G 5" (resp. Note that R[e] ®rS (resp. R[e] ®rS<:^) 

is isomorphic to a subring of S ®r S (resp. S ®r S'qj) since S is projective as an 
R module, hence flat, and localized rings are also flat. Here we are identifying 
R\9] (E)R S and R[6] (E)r S'qj with their isomorphic images. 

3. The S'q-module structure of S^rSq. 

Let L, K, S,R,G = {ugj , ag^ , • • • , crg„ } and /g. , 1 < z < n be as defined in Section 
2. We will see later that the S ®r S module © = Sg^ © Sg^ © • • • © Sg^ has a natural 
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filtration of tfie type given in ([LT|) . namely with ©a- = 0®0®---eO® Sg^^^ ® 
ffl • • • Sg^ . We wish to take advantage of this natural filtration of the S (>^r S 
module & and the imbedding cf) to provide a similar filtration for 5* S. However 
since : S (SJ^j S* — >■ © is not always onto, even after localization, in order to gain 
some insight into the structure of the modules in this filtration, we will analyze the 
structure of the localization, S (Eir Sq, in detail in this section. We will, in fact, 
show that the ring S (Eir Sq splits into a direct product of isomorphic subrings, 
which have a relatively simple structure. 

Our first lemma demonstrates the simplicity of the structure of S E^r S in the 
case where S E)r S — R[9] E)r S for some 6 G S, where L = K{9). In particular, 
in this case, the ideals {S ®r S)i , , turn out to be principal. We will see later that 
these ideals will in fact give us a filtration of S ®r S. 

Definition 3.1. Let T, U and R he commutative rings, where R is a suhring of 
both T and U . Let G — {cgj , Ug^ , • • • , crg„ } he such that each a Cz G is a map from 
T to U fixing R. Let 9 Cz U. We define Ag.{9), 1 < i < n to he the following 
element of T ®r U : 

Ag^{9) = 9(8,1- 1(8) ag^i9). 

We define Ag„{9) = 1® 1. 

Lemma 3.2. Let L,K,S,R and G = {(jg-^^ag^, . . . ,ag^} he as defined in Section 
2. Let 9 e S such that L = K{9) and S (8r S ^ R[9] (8r S. Then the product 
Ag, {9)Ag^ (6*) • • • Ag^ (9) = () iu S (g) R S. 

Proof. Letting f{x) — ka + ki denote the minimum polynomial of 

9 over K, we see that f{x) = n"=i(-^ ^ '^gA^)) has coefficients in K. Hence 

nr=i = e:Lo(i ® ® - (Er=o fc^^*) ® i = o » l □ 

Lemma 3.3. Let L, K, S,R,G = {cr^j , ag^ , • . • , cTg^}, (j), 4>gk '^''■^ ^Si '^^ defined 
in Section 2. Let 9 G S such that L = K{9) and S 'Er S = R[9] E^r S. Then the 
elements 

AgM, AgAO), Ag,{9)AgM, Ag,{9)Ag,{9)AgM, ■ ■ ■ , AgM^gAO) ■ ■ ■ Ag^^^M 
form a hasis for S (8r S as a right S — module. 

In addition, for 1 < i < n + 1, the ideal (S (Er S)i of S (Er, S is principal and 

{SE>RS)i^^^{U,<,_,Ag^{e)){S8)RS). 

Proof. Since 1,9,9^, ... , 9"^^ are linearly independent over K, we have 18) 1,9 8) 
1,9^ (81, ... , 9^~^ ® 1 form a basis for S®r 5 as a right ^-module. Hence the monic 
polynomials in (g) 1, of degrees through n — 1 respectively: 

Ag,{9), Ag,{9), Ag,{9)AgAe). Ag,{9)AgA0)AgM,---.AgA9)AgM---Ag^_A0), 
must also form a basis for S(8rS as a right S'-module. Since (IljXi-i Ag^ {9)) = 
0, for fc < it is obvious that (IljXj-i Ag^{9)){S8)RS) C {S8)rS)i^.. Since the 
field automorphisms, {ag^ , a-g^ , . • . , crg„ } are distinct, we have ct^. (9) — Og. (9) if 
i ^ j. Hence 0^^^ dl^xi-i Ag^ (9)) ^ if k > i. li x e {S 8)r S)i^^ , then x has the 
form 

X = {A,„ {e))so + (A,, ie))si + (A,, ie)A,, ie))s2 + ■■■ + (A,, {e)A,, (e) • ■ ■ a,^_, 

where Si £ S. Since (j)g^[x) = for fc < i — 1, we see that (j)g-^{x) — sq — 0. 
Now 4>g^(x) — (j)gr^{Ag^{9)si) — (og2{9) — ag^{9))si, giving that si — 0, since S is 
a domain. By an inductive argument, we get that s/j = for /c < j — 1 and hence 
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X £ {Ylj<i Ag.{6)){S (g)_R S). This shows that {S (^r S)i^. is a principal ideal of 
S(^rS.~ " □ 

The same argument gives us the result when S (E)r Sq — R[d] <E)r Sq. 

Lemma 3.4. Let L, K, S, R,£l,G — {cTg^ , , ■ • ■ , Cg,, }, </>, 0^^. and Ig. be as defined 

in Section 2. Let 6 £ S such that L = -ft'(^) and S (>^r Sq — R[9] (g)R Sq. Then the 
elements 

Ag,{e), Ag,i0)Ag,{0), , ( ^ ( ) ^,3 ( ^ ) , . . . , A,, ( ) A,, ( (J ) • • • _ , ( ) 

form a basis for S ®r Sq as a right Sq — module. 

In addition, for 1 < i < n + 1, the ideal {S <S)r Sq)j of S 0^ Sq is principal 
and {S ^R Sq)i^^ = (n,<,_i Ag^ ®r Sq). 

Such a structure is not guaranteed for S ®r S, in fact not even for S iSir Sq. 
However we can show that S (Sr Sq splits into isomorphic subrings of this type. 
We start with a basic lemma about the structure of S. 

Lemma 3.5. Let S*, i?, £}, *p, i? — E{£1\'^), Se, and Qe be as defined in Section 2. 
Then there exists an element H of order 1 in Q, with n'^l G Qe, such that 

S^{Se)qA^]. 

Proof. We will apply [T0| [Chapter I, Section 7, Proposition 23]. First we show that 
the rings examined below satisfy the conditions of the proposition. The localization 
of Se at Qe, {Se)ciej ^ discrete valuation ring with quotient field, Le. It is not 
difficult to see, by manipulating monic polynomials, that the integral closure of 
{Se)qe in ^ is Sqe, where Sq^ denotes the localization of S regarded as an 5^;- 
module at the ideal Qe- If M is a maximal ideal of Sq^, then we must have 
Mn {Se)£}e = QE{SE)aE^ since {Se)qe is local and has a unique maximal ideal. 
Hence if M is a maximal ideal of Sqe , we have M n 5* is a maximal ideal of S lying 
above £}£;, by the theory of localization, see for example [13] [Section 3c]. Since £} 
is the unique ideal of S lying above 0b, by [TTl [Chapter 4, Theorem 28], we have 
M n S — Q and M — (M n S)Sqe = QSqe. Hence Sqe has a unique maximal 
ideal, QSqe which lies above Qe. 

The imbedding of the residue class field 5/0 into the residue class field of Sqe 
modulo QSqe is an isomorphism, by the theory of localizations, see for example 
|13) [Theorem 3.13]. Likewise the imbedding of the residue class field Se/Oe into 
S/Q is an isomorphism, see fTT| [Chapter 4, Theorem 28]. Hence the residue class 
field Sqe I Q.Sqe is a trivial extension of Se /0 e and Sqe / O.Sqe = Se /0b [1] . Let 
H e 5 be an element of order 1 at 0, then by [10] [Chapter I, Section 7, Proposition 
23] we have Sqe — {Se)qe[^i^] ~ ('S'b)^^ [H]. One can see that hI^I G 0b from 
[Tlj [Chapter 4, Theorem 28], since \E\ = [L : Le], where 0b = 0''. This proves 
our Lemma. □ 

Our construction of idempotents in S (Eir Sq uses the following Lemma: 

Lemma 3.6. Let S,R,£l,'^,E = £;(0|*P), Se, 0b and G ^ Wgi,<^g2^- ' ' ^^gA 
be as defined in Section 2. Let H be an element of order 1 m 0, with H'^' G Qe, 
.such that 

5C (5b)q,[H]. 

If cTgi ^ E, then there exists Si G Se such that (Jg^^Si) — Si ^ 0. 
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Proof. Let US assume that (Xg. (a) — a G 1} for all a is 5_e and then prove the 
Lemma by contradiction. By definition of E, if ag^ ^ E, there exists s G S such 
that ag^ (s) — s ^ O. By the previous Lemma, 

s = ^ + + • • • + — n*^ = Q'o + "i^ + ■ ■ ■ + a'k^'' 

bo bi bk bobi ■■ - bk 

where Oj, G Se, h G Se\Qe, i = 1, 2, • • • ,k and k = \E\ — 1. Let b = bobi ■■■bk, 

and .s' = a[, + a;n H h a'^U'' . 

Claim: a^, (s') - s' ^ Q. 
Proof of Claim We know that 

-.(^) - = -..(^) - ^ = "^1(5)6 ^ 

If (Tg; (6) G £J, then (Tg; (b) — b ^ £J, because 6 € S'\0. Thus from our initial 
assumption, we have o'g-{b) ^ Q. Since £3 is a prime ideal, this gives that ag.{b)b ^ 
£}. Hence ag.{b)b{ag.{s) — s) ^ O and therefore (Jgi{b)b{ag.{s) — s) = bag.{s') — 
ag^ {b)s' = bag^ {s') - bs' + bs' - Og^ {b)s' ^ b{(7g^ (s') - s') + {b- cTg. (5))s' ^ £3. Since 
b G Se, by assumption, (Tg.{b) — b G £}■ Hence b{ag^{s') — s') + {b — cTgi{b))s' = 
b{(jg^{s') — s') mod £l. Therefore b{ag^{s') — s') ^ £l and since 6 O, we have 
(cTg. («') — s') ^ O, thus proving the claim. 

Now if (cTg. (s') — s'} ^ £2, we must have that c7g;(a^H-') — ajW ^ for some 
j, < J < fc. By our assumption at the beginning of the proof, (jg.{a'j) = a'j 
mod O, because a'j G Se- Therefore cTg^ (a^ff ) - a^W ee a'^ {og^ {W) - W) mod O. 
Hence (Tg^{W) - W ^ O. However W e £}, giving that crg.(H-') ^ O. Now 
(HJ)I^I e'Oij and ag.((HJ)l^l) = (ag.(HJ))l^l. Since cTg.(HJ) ^' £}, we must have 
that (f7g,(ff ))l^l ^ Q. Hence cig, (ml-^l) - ff l^l ^ contradicting our initial 
assumption and thus proving the lemma. □ 

Lemma 3.7. Let S, R,Q.,^,G = {(Tg^, ag^, . . . ,ag^}, E = E{Q\'^),(j) and (j)g^ be 
as defined in Section 2. Let {cTei , , • • • ,<^eiE\} be the elements of the group E. 
We can find anx\ G S ®r Sq such that 



Kixi) = { 



1 if Og^GE; that is QkG {eue2,^ ■■e\E\} 
otherwise 



Proof. If (Tg, ^ E, by the previous lemma, we have si G Se such that si — (Tg, (.s;) G 
Sq. Now for each such let = §5 1 — 1 ® o-g, (s;) e 5 5*53. So for cTg, ^ i;^, 
we have (peAVi) = crei(si) - Cg, (s;) = - CTg, (si), for J = 1, 2, • • • , since s; e 5'e 
by the assumption above. Now let y'l = (g) (s; — CTg, {si))~^) G S (Sir Sq. Then 
y'l has the property: 

J, U'\ - f 1 if ^gk^E\ that is^ife e {ei,e2,---e|B|} 

if CTg, = CTg, 

Letting a;i = Y\„^ ^e Vi' gives us the required element of 5 ^r Sq- □ 

Each ag. G G, gives an isomorphism of rings CTg^ (8) 1 : S^rSq — )• S ^rSq. We 
use these maps to construct idempotents in S ®r Sq corresponding to the right 

cosets of E in G. 

Lemma 3.8. Let S, R,£l,^,G = {ag^,ag^, . . . , ag^}, E = E{£i\^),(j) and (j)g^. be 
as defined in Section 2. Let Eug^ = {(T'ji, ct^^, • • • ,CTj|g|} be a right coset of E in 
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G. Using the chosen coset representative Og^, and the idempotent xi G S ®r Sq 
constructed in the previous lemma, let Xj = {a~^ (g) l)(a;i). Then 

J, ^ if 9k€ {ji,j2,--- ,j\E\} 

Vgk\ 3) y Q otherwise 

The ring isomorphism, : S®rSq Si^rSq. restricts to a ring isomrphism 

between the components of the ring S'^rSq ; ag.^(^l : {S'^iiSQ)xi — >■ {S(^iiSQ)xj. 

Proof. Let agj be the chosen coset representative of Eag^ . Let ag, £ G\E. Consider 
the element yi corresponding to ag^ constructed in the proof of the previous lemma. 

Let yi = ((T~.^ (g) l){yi) = ® 1 - 1 (g a-g^{si). For any ag^ G G, we have 

4'gtiVi) — '^gt^g^i^i) ~ ^gii^i)- Using the fact that si e Se, it is easy to see that 



si-(^g,{si) if cTg^eEcTg^ 
if aa 



(t>gAyi) = I 

Now in the proof of the previous lemma, we set y'l = yi{l (g {si — cr^, (s;))^^), and 
we set xi = Ho-g y'l- Note that both homomorphisms, : S Sq — )• Sq and 
(T~^ (g) 1 : S* Sq S (>~)B. Sq commute with the right action of Sq, given by 
xs = x{l(Sis) for all x e S^^rSq and s £ Sq. With ag. as above, we also note that 
as CTg, runs through G\E, <Tg,ag. runs through G\Eag.. Hence letting Xj = {a~^ (g) 

= ® 1) na,,iE Vii^ ® i^i - ^gi = Yl.^^iE ® {si - ^9, (Si))"') 

we see that 



1 if ag, e Eag^ 



otherwise 

The isomorphism between ring components is obvious. □ 

Note That Xj depends only on the coset Eag. and is independent of the coset 
representative, since it is completely determined by its image <j>{xj). We now see 
that S ®R Sq is isomorphic to a product of m = IGl/ji^l copies of the subring 
{S (gij S(x)xi. In the next lemma we investigate the nature of this subring. 

Lemma 3.9. Let S,R,£l,G = {cgj , , • • • ,ag^}, E, Se, S^jCpg,., be as defined 
in Section 2. Let {cen , • • • ,(Te|B|} be the elements of the group E and let 
{Eaxi,Eax^, - ■ ■ ,Eax^} be the right cosets of E in G, where m = \G\/\E\ and 
cTxi is the identity element of G. Let Xi be the element of S (g^ Sq such that 



4>gAx^) = I 



1 if ag^ G Eux 



otherwise 
Then 

{S ®RSa)xi^S®SESa. 
The map 7 : S {S (gfl Si:x)x\ given by 7(51 S2) = (si (g S2)x\, where 

si € S,S2 € Sq, is an isomorphism of rings. Regarding (S <^r Sq)xi as a, subset of 
S (gfl Sq, the inverse of ^ is ip '■ {S ®r Sq)xi — > S ®Se ^O. given by the restriction 
of the map tl) : S (g^ Sq ^ S Sq, defined by tlj{s[ S2) = s'2, for s[ G S 
and s'2 G Sq. 

Proof. As in the previous notation, let Lg^,, a copy of L, denote the image of (^g^. 
for cTgj. G G. Recall that the Galois group of L over Le is E, and we have an 
isomorphism </>' : L L — >■ Lei ® -^62 ® • • • ® -^e|E| as defined in Section 2. Let 
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ip : L ®K L^L^LE^he the surjective ring homomorphism sending li ® I2 to 
h <Si h- The diagram below is obviously commutative: 




This diagram restricts to a commutative diagram: 

S Sq 

■4, 




Clearly the images of the maps cf)' and 



in the second di- 
agram are the same and the map is one to one. I claim that the kernel of 
t>e\E\ is ®i^i{S ®RSQ)xi. It is not difScult to see that ®i^i{S®B. 



Vex TO V^e2 TO 

SQ)xi C ker 




© it'e2 © • • • © 'f'e^El ■ ^u the other hand ii x € S iSir Sq is in 
• • • © (f'e^E] ' then (/)g^ (xxi) = for fc = 1,2, ... ,n and hence xxi — 0. 
Hence x = x{J2i ^i) = ^i) ^ ®i^iiS (^r SQ)xi. This proves the claim. 

Hence in the following diagram, (/)ei © © • ' ' © 4>efE\ ^^'^ 4*' ^-^^ isomorphisms, 
giving us that ^ is an isomorphism. 

{S ®R Sq)xi 



4'{S®SeSq) 



Now if s g S'e, we see that (f){{s ® l)xi) = </)(! ® s)xi and hence (s ® l)xi = 
(1 (8) s)xi. Thus we have a homomorphism 7 : 5 (g)5^ Sq — )■ (5 <S'£))a;i such that 
7(si ® S2) = (si iX) S2)a;i, for si £ S and S2 € S'q. It is obvious that 7 = V""'^ a-nd 
that 7 is an isomorphism. 

□ 

Now we can use Lemma 13.51 to determine the structure oi S ®Se Sq- 

Lemma 3.10. Let S, R,£l,^, E — E{£}\^), Se, and £Ie be as defined in section 
2. There exists an element H of order 1 in £1 such that S C [Se)qe[^] and 

S(»Se Sq = Se[I1] (^Se Sq, 
where this identification is as described in Section 2. 



Proof. By Lemma 13.51 there exists an element H of order 1 in such that 5 C 
(5'£;)qe [n]. By the discussion at the end of section 2, we can identify 5£;[H] (^Se Sq 
with an isomorphic subring of S 'S'Se Sq. If s G S, we have s = si/t, where 

Sq, since ^ (8) 1 = 
Sq 
□ 



si e Se[TI] and t e Se\Qe- Now f (g> 1 ^ si (g> j in S (g)SE -u, — t 
(£L0i)(i0i)(i0 1) = (^8)l)(i«)l)(l(8)i) =si®i Hence (81 C ^Bpl^s^ 
and the result follows. 



Corollary 3.11. Let S,R,£l,^,G = Wgx,crg2,- 
Sq be as defined in Section 2. Let {Eax^, Eax2, ■ 



.,agJ,E = E{£1\^),Se and 
, Egx^ } be the right cosets of 
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E in G, with coset representatives {0x^(^x21' I'^x^}- Then there exist unique 
orthogonal idempotents {xi, X2, ■ • • , Xm} in S <^r Sq, where m — n/\E\ such that 



6 (x ) = i ^ "^^^ ^ 
gk\ 1^ Q otherwise 



and 

S(E)RSo = ®Zi{S<E)RSo)xi. 

Furthermore we have ring isomorphisms {S (^rSq)xi = S(^Se — Se[^]®Se 
and axj (8) 1 : (5 0^ Si:i)xj {S (Eir 5'£j)xi for I < j < m, where H is an element 
of order 1 in Q. 

Note that the uniqueness of the orthogonal idempotents follows from the fact that 
(j) : L ®K L Lg-^ Lg^ © • • • © Lg^ is an isomorphism. 

We will also need to use the following lemma about the structure of S 
Sq (Esa where Fq is the quotient field 5/0, later. 

Lemma 3.12. Let S,R,£},^,E = E{Q\^) = {crei,o-e2, ' ' ' :0'e|B|}: Se, and Qe be 
as defined in section 2. Let Fq denote the quotient field Sq/QSq =5/0. Let 11 be 
an element of order 1 in S such that S 'S'Se — Se[^] ^Sb Sq and let Ag.ilV) = 
n(g)l-l(g)cre.(n) e S(E)SeSq,1 < i < \E\. Let^' : S(gisESQ S®SESa(SsaFQ 
be the homomorphism such that \E''(si <E) S2) = si (g) S2 (X) 1. Then 

*'(Ae.(n)) = vi,'(Ae,(n)),i<*,j,<|£;|. 

Let a = *'(^ei(n)), then 

S(E>SESa(E>SaFQ^FQ[a] 

is a local ring with maximal ideal (a). Let h : Fq[x] F^la] be the homomorphism 
with h{x) — a, then keih is the ideal generated by the polynomial a;!^'. 

Proof. By the definition of E, we have CTe- (11) — 11 e for 1 < z < \E\. Hence 

*'((n(g)i-i(8)n)-(n(g)i-i(8)cre, (n))) = o for i < i < \e\. Thus^''(n(8)i-i(g)n) = 

^''(y4e. (n) = a ioY 1 < i < \E\. Now by applying Lemma and Lemma [221 with 
R replaced by Se and G replaced by E, we see that S(^Se Sq <X)Sn Fq = Fq [a] and 
al^l = in Si^Se Sa (8)Sq Fq. Since a is nilpotent, we have that Si^Se Sq ®Sq Fq 
is local with maximal ideal (a). Now by Lemma we have that 1, a, • • • , a^^^~^ 
is a basis for S i^Se Sq '^Sq Fq over Fq, hence the map h has kernel (x'^l). □ 

Lemma 3.13. Let S,R,Q,^,SQ,(t),ct)g^,G = {ag,,ag2,. ..,agJ,E = E{£l\^) and 
Se be as defined in Section 2. Lf \E\ — I then there exist orthogonal idempotents, 
{xi,X2, • • • , Xn}, in S i^R S, such that 



: / \ _ ( 1 */ k — i 
VgkK ^) y Q otherwise 



Furthermore 4> ■ S (8)7? Sq — > SQ^g-^ © SQ^g^ © • • • © SQ^g^ is an isomorphism. 

Proof. The existence of the idempotents {xi,X2, ■ ■ ■ ,a;„} follows from Corollary 
13.111 Since (j) ■ L ®k L — )• Lg^ © Lg^ © • • • © Lg^ is an isomorphism, by Lemma [2A1 
we need only show that : S ®r Sq SQ^g^ © SQ^g^ © • • • © SQ,g^ is onto. Let 
(si, S2, ■ ■ • , Sn) be an arbitrary element of SQ^g^ © SQ^g^ © • • • © SQ^g^, with Si £ Sq 
for each i. Then 0((1 ® si)xi + (1 (g) S2)x2 + • • • + (1 s„)a;„) = (si, S2, • • ■ , Sn) and 
hence the map is onto as required. □ 
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4. Stratified Exact Categories 

In this section we sketch the general definition of stratified exact categories from 
[3]. Proofs of many fundamental results about these categories are supplied in [i]. 
We will present the definition in full within the context of the framework considered 
by Dyer in jSj, since this is adequate for our needs. We will quote the results that 
we will use from [4], in this context. 

We will start with the general definition from |4|. Consider a set of data E = 
{k^ {Nx}xen) where fc is a commutative, Noetherian ring, is an abelian k- 
category, and the are objets of ^ indexed by a finite poset ft. We assume this 
set of data has the following properties: 

(a) Homgg^Nx, Ny) is zero unless x < y 

(b) Ext\g{Nx,Ny) is zero unless x < y or y < x. (Note that in the case of a 
total ordering on fJ, this is not a restriction.) 

(c) For X e Vl, and any N,N' in Add N^, any surjection N ^ N' ^ in 
splits, where Add denotes the class of objects in which are isomorphic to a 
direct summand of a finite direct sum of copies of . 

(d) For x,y G ft, Homag{Nx, Ny) is a finitely generated fc-module, and if x < y, 
then Ext\g{Nx, Ny) is a finitely generated k- module. 

A coideal, F, of is a subset with the property that if y € F, then x e F for each 
a; € ri with the property that x > y. We say an object N of 3§ has an A^-filtration 
if it has subobjects A^(F), for F a coideal of such that: 

(i) A^(0) = 0, N{n) = N 

(n) if F C F' are coideals, then N{T) is a subobject of A^(F'). 
(iii) if a; is a minimal element of a coideal F of ft, then N' = N (T) / N {T\{x}) is 
in Add N^. 

The following lemma, when applied to the identity morphism iV — >■ iV, ensures 
that such a filtration is unique. Dyer 4 [Lemma 1.4]: 

Lemma 4.1. Let N and N' be objects of , with N-filtrations as given above. 
Any morphism N N' in Si maps N{T) into N'iT) where V is a coideal offl. 

Let be the full additive subcategory of objects of ^ consisting of objects 
having an iV-filtration. We say a sequence 0— ?>7V— >-P— ^-Q— >-0of objects in is 
sheaf exact if it is exact in ^ and for each x E fl, the sequence N{> x) P{> 
x) Q{> x) — is exact, where > x is the obvious coideal. Note in particular 
that sheaf exact sequences are short exact in 

An exact category C in the sense of Quillen is an additive category C equipped 
with a family of "short exact sequences" ,0— )-M^-iV— >P^-0 satisfying certain 
axioms [H] . The stratified category ^ defined above is exact in the sense of Quillen, 
see Dyer [4] [Proposition 1.7], with the sheaf exact sequences as exact sequences. 
Stratified categories thus inherit the concept of an exact functor and a projective 
object from exact categories. A functor between exact categories is called exact if it 
is additive and preserves short exact sequences. An object P of an exact category 
C is called projective if Hom(P, — ) is exact as a functor from C to the category of 
Abelian groups. An exact category is said to have sufficiently many projectives if 
for any object M in C, there is a short exact sequence N ^ P ^ M ^ in 
C with P projective in C. 

Stratified categories can be constructed in a wide range of situations, see Dyer 
[5] and Brown [I]. Since our attention is limited to categories related to number 
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rings and total orderings on Galois groups, we will now restrict our attention to the 
specific framework considered by Dyer in [Sj [Section 1.10]. 

Let T be a commutative ring and let U and A be commutative T algebras. We 
let ^ be a Noetherian domain (in our special case, T, U and A will be Dedekind 
domains). Let E = {o'xt^xievi be a family of pairwise distinct T-algebra homomor- 
phisms 

with indices in a poset £7 with a total ordering {a:i < 0:2 < • • • < a;„}. (Note 
that the additional condition (*) given in section 1.10 of [5 is irrelevant when 
the poset has a total ordering). We associate to (f7, T, A, il, E) a collection of 
data, D = (fc, {iVaj.j^^.gsi) as follows: k = A^3§ \s the category of all U (E)t A 
modules and N^^ — A[axi], which is a free right A-module of rank one, with basis 
element 1^^ , where the left action by U is given by ua = acr^i (u) for all u £ U and 
a S = A[(Tx.]. (We will use the notation ^[CTa;^] for these U ®t A modules from 
now on in this paper ; this is compatible with the definition of >S'[crgJ in section 2.). 

Definition 4.2. The category, ''^{u^TA,n,'S), for a set of data, D = {A, U (E)t A — 
mod, {A[axi]}xien}) , where, A,T,U,T, and are as above, is the full subcategory 
of ^ , consisting of all U (8)t A modules, M , which have a filtration 

M = M='° D M'-'^ D M""^ D M='^ ^ • • • D Af^" = 

by U <^T A modules, such that M^»-i/M^» is finitely generated and projective as a 
right A module with um — maxi{u) for m £ M^^^^ /M^^ for all u (z U . 

By Lemma 14.11 applied to the identity map, such a filtration is unique, so for a 
module M in category '<f{u®TA,n,'S2), we let M^* denote the corresponding module 
in such a filtration. By the same Lemma, every short exact sequence, — Af — 

— > P — > in ^ gives a sequence — >■ AI^^ — > N^' P^' — > for each Xi e ft. 
Given a sequence 0— >-M— >-A^— >-P— T^OofC/ A modules in the category 
'^(U0TA,n,s)j it is sheaf exact if each restricted sequence 

^ A.P=- ^ 7V"=' ^ P^' ^ 

is exact as a sequence of U(S)tA modules. An exact sequence 0—>-M—i'N^P^O 
in the category need not be sheaf exact (we give an example below), however 
by definition, every sheaf exact sequence in '^(u^TA.n,'E) is exact when viewed as a 
sequence in the category £§. 

As discussed above, the category "^([/^yA.si.s) with sheaf exact sequences as short 
exact ones is an exact category in the sense of Quillen [12 . As for exact categories, 
an object P of the category ^((7(^yA,n,s) is called projective if Hom{P, — ) is exact 
as a functor from '^^{u»TA,n.'S) to the category of Abelian groups. From Dyer 
[1] [Theorem 1.18] we get another characterization of projectives in '^[u®TA,n,'S)- 

Lemma 4.3. An object N in "^(t/^yA.n.s) projective if and only if for all Xi e ^l, 
the short exact sequence 

^ 7V^-i /7V"=' ^ N/N^^ N/N'-"^-^ 0, 

gives rise to an exact sequence 

-> Hom{N/N^^-^,A[c7^^]) ^ Hom{N/N''=^ , A[axJ) ^ Hom{N''-^ /N^^ , A[a^^]) 
Ext[N/N^^-^ , A[ax,]) 0, for each i,l<i<n. 
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We also have the following theorem concerning projectives according to \A\ [Theorem 
1.18]. 

Theorem 4.4. (1) There exists a projective generator P in '^{U0TA,n,i:): P 
projective and for any M in '^(U0TA,n,^), there is a sheaf exact sequence — >■ iV — >■ 
P" -)■ M /or some n > 0. Let s>/u®ta{P) = Endu a{P)°^ , then u®taPb^ 
is a bimodule. 

(2) The functor F = Homu(i,TA{P, ) ■ '^((7®rA,f2,S) — ^ £/-mod is fully faithful 
and 

is sheaf exact in "^(jj^TA.n.T,) */ <^^d, only if 

^ FM FN ^ FQ ^0 
is exact as a sequence of £/u(g,^AiP)-'modules. 

The algebra ^(7^j,^(P) is not unique, a different choice of projective generator 
P' will give a different algebra £/u^j,a{P') — Endu^^AiP')- However 
Hom{P, P') ($j^uisj,a{p} ~ gives a Morita equivalence from j2/t/0y^(P)— mod to 
s^u®ta{P'^— mod. We can see this from Jacobson [9] [Theorem 3.20], Theorem 
14.41 above and the following Lemma: 

Lemma 4.5. Let P and P' be projective generators in the category '^(u^TA.n.'S): 
where U, T, A, Q and S are as above. Let P ~ Homu^^A{Pi P')- Let J^u®ta{P) = 
Endu(g)^AiP)- Then P is a projective generator in the category £/u(^^A{P)-n^od. 

Proof. Since both P and P' are projective generators, we have sheaf exact sequences 

0^ Mi^ P" P' and Ah (P')™ ^ P ^ 0. 

These sequences split to give us that P is a direct summand of (P')™ and P' 
is a direct summand of P". Now applying the exact functor H omu a{P —) , 
we see that P is a direct summand of £^u®ta{P)^ and hence P is projective in 
j2/j/^y^(P)-mod. We also have that ■s^u(^ta{P) is a direct summand of P™. Let 
P™ = £/u(g,^A{P) ® L. Now for any finitely generated £/u®ta{P) module, M, we 
have an exact sequence: 

Q^K^ -s^u^TAiP)' ^ M ^ 0, 

for some I. Then we also have an exact sequence 

^ if ® -> .s^u®TA{Py ® ^ M 0, 

and hence we have the exact sequence of s2^u®ta{P) mosules: 

^ if P"' M ^ 0. 

Hence P is a projective generator for £^u®ta{P) modules. □ 

Let 2t be a prime ideal of A, and let be the localization of A at 9Jl. We 
can regard the elements of S as homomorphisms from U to A-^\. Localization of 
modules, M — >■ M ®a A<xii is an exact functor from U (8)t A-mod to U (^t ^sot- 
mod which restricts to a functor of exact categories '^{u®TA,ii,T,) to '^(u^TAm,^^,^)- 
Clearly it takes a projective generator for '^(u®TA,n,Y,) to a projective generator 
for "^(c/^T^ojt.n.s)- Since Homu<g,TA{M, N)^ = Homu(g,TAmiMm, N^n), we have 
{■s^u<DTA{P))m = {Endu(g,TA{P)°^)m. = EndutsiTA^xiPmy^ and '^(u<^tA^,mX) is 
isomorphic to a subcategory of {■b^u i^t A{P))m modules. 



HIGHEST WEIGHT CATEGORIES FOR NUMBER RINGS 



15 



5. The Category '^"(s®„s,n,G) 

In this section we introduce the data from which we construct a stratified exact 
category for number rings. We look at some examples of modules with filtrations 
and proceed to demonstrate some of the subtleties associated with the definition of 
sheaf exact sequences. 

Let S,R,L,K, and G — {o-^^ , o-gj , . . . , iTg„ } be as defined in Section 2. Let us 
assume initially that the indices of G; {gi,g2, ■ . ■ ,gn}, form a poset Cl equipped 
with the ordering gi < §2 < ■ ■ ■ < Qn- Using the notation developed in the previous 
section, we let '^^(5(g)„5,f2,G) be the stratified exact category corresponding to the 
data D = {S,S (8)_r S - mod, S[ag^]i^n}. 

We have that ''^{s^aS.Q.G) is the full subcategory of S (^r S modules, M, with 
filtration 

M = MS" D D M^^ ^ • • • ^ M<^" = 0, 
by S (^R S modules such that M^'-i/M"' is finitely generated and projective as 
a right 5-module with um = mag^{u) for m € M^'-^/M^^ for all u G S. We let 
M'^Si) denote the quotient M^--^ /M<^K Since this filtration is unique, we can let 
M^' denote the corresponding module in the filtration of M without ambiguity. 
Ms« is in the category "^(s^HS.a.G)- 

Given a sequence Q^M-^N-^P^QoiS ®r S modules in ^{S0rS,Q,G)j it 
is sheaf exact if for each i-1 < i < n, the sequence 

is exact as a sequence of S^rS modules. An exact sequence O^M^N^P^O 
in the category of S (I^r S modules need not be sheaf exact, however every sheaf 
exact sequence in ^[s®rS,Q,,G) is exact when viewed as a sequence in the category 
of S ^R S modules. Below we will give an example of a sequence which is exact in 
the category of S iS)r S modules, but is not sheaf exact in '^^(s®j?s.J2,g)- 

Although '^(S(SirS,Q,G) does not depend on the ordering, that is the objects and 
morphisms are the same for a different ordering Ci on the indices of G, the concept 
of "sheaf exactness" docs. This can be shown using the fact that finitely generated 
torsion free modules over R are projective. We will omit the details. To demonstrate 
this we will give an example of a short exact sequence of S 0ij S modules, which 
is sheaf exact in ^^(S!»RS,n.G), but not sheaf exact in '^(S0RS,n,G)^ for a different 
ordering ili on the indices of G. 

Example 5.1. A Filtration for & 

Recall the S^rS modules & = Sg^ ® Sg^ ® • • • ® Sg^ , where each Sg. is a copy 
of S given in section 2. As mentioned at the begining of section 3, & has a natural 
filtration. If we let S^' = © ® • • • © © Sg._^^ © Sg,^^ © • • • © , then it is easy 
to see that QSi jQat+i finitely generated and projective as a right ^-module and 
that sx = xag^{s) for all s G S,x G &^/&'+^. Hence & G '^{S0rS,q,g) and 

6 = 2 2 2 • • • 2 6^" = 

is the filtration for 6. 

Example 5.2. A Filtration for S (^r S 

Let L, K, S, R, (p, (pg^, and G = {cfgiiCTg^, . . . ,agj\ be as defined in section 2. 
Recall from Section 2 that Ig^+i = {^gk+i->^gk+2-> ■■ ■■> ^snl and 

{S <S)R S)i^^^^ = {S <S)R Sf" ={xgS<S)r S\cl)g,{x) = for all i < k} 
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The S <^R S module homomorphism (f> maps S (^r S to &. We can pull back 
the natural filtration on & shown above to a filtration for S (E)r S, namely with 
0-i(g9fe) = (^g (g,^ S')^'-'. (j) lifts to a one to one S (S)r S module homomorphism 
4> : [s (E)rS)S''-^/{S (E^RSy" es^-^/es". We have 69k-i/Qgk ^ s[agj and 
any submodule is finitely generated and projective as a right 5'-module, since S 
is a Dedekind domain. Since preserves the 5* (Eir S module action, we see that 
sx = xcTgJs) for each x e (5(8)^5')^"=- V(5'<8)fl5')'"= . Hence, with {S(E)RSy'' defined 
as above, 

S^rS = {S»RSy° 2 (SSflS*)"! 3 iS(X)RSy^ 2 ■ • ■ 2 (S^rSY^-^ 2 iS(X)RSy" = {0}, 

gives us the filtration for S (E)r S. 

The above definition gives very little information about the nature of {S (E)rSY'' , 
however by using our results on the structure of S ^r S, we can gain some insight 
into the nature of these ideals, or their localizations. 

Example 5.3. Special Case : S <g)RS ^ R[a] <g)R S. 

Let L, if , S", _R, *P, 0, (j), (f)g^ , and G = {<7g-^ , ag^ , ■ • ■ , cTg^ } be as defined in section 
2. Suppose that L = K{9) and S = R[0], as is the case for cyclotomic fields and 
certain quadratic extensions of Q. Let Ag.{9) e S (E)r S be as defined in Definition 
13.11 In Lemma 13.31 we saw that 

{Ag, i0),Ag, i0),Ag, {9), Ag, {9) Ag, (6)... Ag^_, {9)} 

is a basis for 5* (E}r as a right S"- module. Also from Lemma [3.31 we see that 

(s ®R sr = [s ®R s)i^^^^ - (H Ag^ ims s), 

j<k 

in fact, by considering a reordering of the elements of G, we easily see that 
{S(S>rS)i^{ n Ag,{e)){S(»RS). 

{j|ag^e/<=} 

Lemma [H751 also applies when S(E}rS = R[a](E)RS for some a £ S, with L = K{a). 
We also have, by Lemma [23] that 

{s s^r = (H ^» ("))(^ ®« ^ij) 

j<k 

when S^rSq = i?[a]®ijS'Q for some a G S", with L — Kipl). Since S®rSq splits 
into rings of this type for each maximal ideal £3 of S", this gives us a description of 
the localizations {[S ®r S)^')q for each maximal ideal of S. (Note that a may 
vary as the ideals vary). 

Example 5.4. Special Case: 

Let L = Q{Vd), d = 2, 3, mod 4 and if = Q. We have S = Z[Vd], i? = Z and 
G — {(Tgj = id, CTgj}, where (Tg.2{a + \/db) = a — for a, 6 e Z. As above, we 
have a filtration of S ®i S is given by : 

s (g>^ s = {s (g>z D Ag, iVd) (s (g>z s) ^{S(g,zsrDO = [s ®z sy- , 

where Ag^ (Vd) = Vd® 1 — 1 (8) Vd, Since (jjg^ (Ag^ {Vd)) — —2\fd we have {{S®% 
Sy^) = 2VdS. In fact in this case we can also throw light on the structure of 
S (8)_R S by looking at the isomorphic image (j){S (^r S) in Sg^ © Sg^ ■ 
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Lemma 5.5. Let K ^ Q,L = Q{Vd),d = 2,3, mod 4, S* = Z[^/d] and R = Z. 
Let (j) he as defined in section 2. Then (j){S®zS) — {(si, S2)|si, S2 € S and (s2— si) G 
2VdS}. 

Proof. Let x = Sa^ (g) bj G S (^z S. Then (j){x) = {llaihj,Y.hjag^{ai)). We see that 
Tibjag.^(ai) — Y,aibj = Y,hj{ag^{ai)—ai) € 2^/dS. Hence 4>{S®zS) C {(si, S2)|si, S2 G 
5 and (§2 — si) e 2^/dS}. On the other hand, let (si,S2) G ® be such that 
S2 ~ si + 2Vds3 for some S3 € S. We see that (si, §2) — (j){l®si—Ag^ {Vd){l<SiS3)). 
This gives us the opposite inchision and proves the lemma. □ 

Now the quotient modules, regarded as S-S bimodules, in the filtration given 
above are easy to determine, by examining the images under the map (j). We see 
that {S ®z Syo/{S ®z 5)91 ^ ^^^(5 5) 9. s[ag,]. Also {S ®z SY^/{o} ^ 
S) = 2vQs = S[<jg,]. 

Example 5.6. A Sequence which is exact but not sheaf exact 

Using the previous example, we now present a sequence which is exact in the 
category S (8)_r S'-mod, but is not sheaf exact in the category '^(s®RS,n,G)- Let 
K ^%L^ Q{Vd),d= 2,3, mod 4, 5 = i? = Z and G {ag, = id, cr^J, 

where ag^ {a + ^/db) = a — Vdb, for a, 6 G Z. Let be the poset {51, 52} with the 
ordering gi < g2. Consider the sequence: 

(5.2) {S (g)R S)i ^ S (E)R S ^ {S (g)R S)/{S (g)RS)i-^ 0, 

where / — {a-g^} and (5 (g)/?, S)i is defined as in section 2. We have {S (g)_R S)i ~ 
Ag^{Vd){S <^R S) — {x e S ®R S such that 4>g2{x) — 0}. It is easy to see that 
4'giiiS 'Sir S)i) = 2^/dSg^. Since Sg^ is isomorphic to ^[(TgJ as 5 — 5 bimodules 
and 4>g-^ is an S-S bimodule homomorphism, we can conclude that a filtration for 
{S ®R S)i is given by: 

{S ®R S)i = {S Sr S)f D {0} - (5 <E)R S)f = {S Sr S)f . 

Now (f>g2 {SSrS)i — 0, in fact, {SSrS)i is the kernel of the map (f>g2 : SSrS — > 5, 
Hence {S <Sr S)/{S <Sr S)i = Sg^ = S'fcTgJ as bimodules, and thus (/^^g)^ has 
filtration: 

1 92 



92 ■ 



S( 


E)rS 


S( 


E)rS 


go 


S'. 


SrS 


91 

D{0} = 


S( 


E)rS 












{Si 


'^rS)i 




iRS)i 



Consider now the restriction of the maps in the exact sequence of 5*— 5-bimodules, 
, to the following sequence of modules: 

O^{S0RS)f -^{SSrSY' 



(SSr S)i 



0. 



Lifting the maps via 0, we get 

— - {s sr s)f (5 sr sy^ 



iO,2VdS[ag,]) 



{S«,rS)i 



S[ag,_] 
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Here /3(si S2 + (5 (g)_R S)i) = (f>g2{si (8 S2) and 7r(0, §2) — S2, p is the quotient 
map and tt is projection onto the second factor. It is easy to see that f3p — ■n(j). We 
know, from the discussion above, that /3 is an isomorphism. Hence, since tt is not 
onto, we have that p cannot be onto. Hence the sequence on the top row is not 
exact as a sequence of — bimodules and thus the sequence, (15. 2|) . is not sheaf 
exact in the category '^(s<giBS,o,G)- 

Example 5.7. The role played by the ordering in the definition of sheaf 
exact sequences 

We now consider two different orderings on the indices of G in the above example 
given by the posets Q, and ili . To demonstrate the subtle role played by the ordering 
in the concept of sheaf exactness for sequences, we give an example of a sequence 
which is sheaf exact in the category "^(s^^s.n G) but not sheaf exact in the category 

'^(S®rS,0.x,G)- 

Let us use the sequence of S" — 5" bimodules, (|5.2|) . given above. We have shown 
that it is not sheaf exact in the category ^^{s®RS,n.G)- We now consider the category 
obtained by switching the ordering on the indices of G. To avoid confusion with 
modules, we will relabel the indices. Let G — {0x^,(^x2} i where Ux^ — cr^a ^i^^i 
= fgi ■ Now let ill = {xi,X2\ be the poset with ordering xi < X2- We will show 
that the sequence of 5* — bimodules is sheaf exact in the category ^(s<®rS.Q.i,g)- 

The category '^[s®RS,ni,G) consists of all — S" bimodules, M, with filtrations 

M = D D M''^ = 0, 

where M^'-^/M^' is finitely generated and projective as a right S module, with 
left action given by su = uaxi{s) for all s G S' and u G M^'-'^/M^'. Consider the 
sequence (|5.2[) above , I claim that the sequences 

(5.3) Q^{S®R Sfj^ ^ [S ®R Sr ^ [{S ®R S)I{S (g,R S)i] ^ 0, 

are exact as sequences oi S — S bimodules, for i — 0,1 and 2. When i — 0, the 
sequence. 15.31 is the original sequence. 15.21 which is obviously exact. When i — 2, 
the sequence, 15.31 reduces toO— ?>0— >0— >0— ?>0, which is obviously exact. It 
remains to determine the sequence for z = 1. 

Letting I = {cTgi} as in the previous exampe, we have {S <^r S)i — {x G 
S <S>R S\(l)g2{x) = 0}, and (j>g-^ gives an isomorphism from {S(^r S)i to a submodule 
of S'[f7gJ = S[(Tx2]- Hence {S (^r S)i = {S (S)r S fj\ Since {S (g)_R 5")/ is the kernel 
of the bimodule homomorphism (pg^ : S (^r S — > ^'[(Tgj] = S'[cra;2], we see that 

{S(g>RSr^ = iS(g>RS)i and [(5 5) 
sequence. 15.31 above becomes: 



XI 

= 0. Hence, when i — 1. the 



0^ iS(g>RS)i iS(g>RS)i ^0^0, 



and is indeed exact. Thus the sequence, [521 is sheaf exact in the category 
but not in ''^(5®HS,n,G)- 



6. Projectives in the category 'if(s<»RSM,G) 

Let L,K,S, R, (/), 4>g^ and G — {tigj , , ag^ . . . Og^^ } be as defined in Section 2. 
Let r2 = {(71, (?2, ■ • • , ffn} with 5(1 < 32 < • • ■ < <?n be a total ordering on the indices 
of G and let ^{s®rS,u,g) denote the resulting stratified category defined in Section 
5. From our definition of projective modules in Section 5, we have an object P of 
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"^(s^RS.n.G) is projective if Hom(P, ) is an exact functor, i.e. for every sheaf exact 
sequence 0— >A/— >iV— ^Q— >Oin '^(S(g>RS,n,G), the sequence 

^ Hom{P, M) Hom{P, N) Hom{P, Q) ^ 

is exact in the category of Abelian groups. We have verified that S (^r S is in the 
category ^(s^nS.n,G) in Example 15.21 In fact S (8)^? S is projective in the category 
'^^(•s®HS,n,G)- 

Lemma 6.1. S (^r S is projective in the category '^(sisirS,q.,g) 

Proof. We note first that 5* S is projective in the category of S (E)b. S'-modules. 
So if — ?► Ml M2 Ms — ^ is sheaf exact in '^(S(S>RS,n,G)j it is exact in the 
category oi S (E)r S'-modules and projectivity of S (E)r S in this category guarantees 
exactness of 

-> Hom{S (^R S, Ml) -> Hom{S (^r S, M2) Hom{S ®r S, M3) ^ 

in the category of abelian groups. This tells us that S ®r S is projective in 

'^(S(g)RS.n,G)- n 

It is clear that the proof applies also to the module S (E)r Sq in the category 

Corollary 6.2. S (Eir Sq is projective in the category ^(s^RSa,Q,,G)- 

According to Theorem 14.41 the category '^io(^s®RS,n.,G) has a projective generator, 
P, such that for any M in '^o(^s®rS,Q.,g)j there is a sheaf exact sequence — ^ — > 
P" A/ — ^ for some n > 0. This projective generator is not unique. We can 
construct such a projective generator for '^{s®RS.n,G) ^ direct sum of quotients of 
S®rS. By 4] [Theorem 1.19], if we construct n projectives Pi, P2, ■ ■ ■ Pn with P, = 
Pf-\ (that is Pf "VP* = Pi/Pf = (0) for j < i), and P,/Pf = Pt"'/Pt = 
S[ag.], as S-S bimodules, then P = Pi ® P2 ® ■ ■ ■ ® P„ is a projective generator for 
'^{S^RS,n,G)- 

Recall from section 2 that Ig. = {<^gk}k>i and for / C G, we have {S ^r S)i = 

{x€S(Er S\(l3g^{x) = for (Tg, ^ /}. 

Definition 6.3. Let K, L, S and R he as defined in section 2. We let 

{S(»RS)i = {S(»rS)ii^ ^{xe S (»RS\(j)g,{x) ^Ofork>i} i = l,2,...,n. 
and we let P^ = {S ®r S)/{S ®r S)i. 

Theorem 6.4. Let L, K, S, R, Q, *P, G = {(Tg^ , o-g^ , • • • , o-g„}, <P and (pg^ be as de- 
fined in Section 2. Let Pi be as in Definitional/or 1 < i < n. Then {Pi)^^^'^ / P^' — 
if j < i and Pf'^V^f' = Pi/Pi' — ^i'^gi]- ^^so Pi is projective in the category 

'^(S®rS,0.,G)- 

Proof. We note that Pi is isomorphic to the projection of 0(5* ®r S) onto the last 
n — i + 1 factors of Sg^ ® Sg^ ® Sg^ ® • • • ® S'g,, . We will again exploit the natural 
filtration on Sg^ ® Sg^ ® • • • ® S'g„ to get a filtration for P;. 

For any i and fc, with I < i < n and k > i, we have a lifting of (f)g^. : S (Sir S — >■ 
S'[o-g^] to (j)g^.i ■ Pi -> 'S'[crgj^], since {S(SRS)i C ker^g^^. For each i, with I < i < n, 
let 

p9j ^ r P^ if < j < Z 

I {xeP,\(l)g,4x)^0ioi-i<k<j} if j>i 
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Then for each i, 1 < i < n, we claim that 

(6.4) Pf ^ P^^ ^ ^ - --^ Pt = 

is a filtration for Pi in the category "^(sgjjjS.n.G)- 

For j > i, we let (j>gj^i : -Pf^"^ '^'[o'gj] denote the restriction of the map 
4'gj,i '■ Pi ~^ '^Wgj] defined above. By definition, we have Pf^ C ker^g^. On the 
other hand, if a; € P^''^ is in ker^g^^i, then x G Pi and (f)g^,i{x) = for i < k < j 
since x £ Pf^"^ and in ker^g^ ^ C ker^g^. Hence x S Pf^ and ker^g^^^ — Pf\ 
Thus using the S ®u S module homomorphism 0gj ,i, we see that 

p9o-i ipg, ^{ if < j < i 

I 1- \ a submodule of S'[o'gJ if j>i 

This shows that (|6.4p is a filtration of Pi, since the quotients are finitely generated 
and projective as right S-modules and have the appropriate left action by S. We 
can thus conclude that Pi is in the category ^(s®!iS,Q.,g)j for \ <i <n. 

We can see that (j)g^^i : Pf''^^ I Pf' — > S[(7g.] is an isomorphism, by examining the 
image of the coset class [1(^s\gPi = Pt''^ fo^' * ^ We have <^g;,i ([1(8) s]+Pf') — 
0g,,j([l«)s]) = 0g,,»(l«)s + (S'(g)_RS')») = (^g,(l(8)s) = s, slucc 0(S'ig)flS')i = 0. Hence 
0gi,i : Pi'^^ /Pf' ~^ '^Wgi] is onto and since Pf* = ker^g^^^, it is an isomorphism. 

It remains to show that Pi is projective in the category '^(s®RS.n,G) for each 
i, \ <i <n. For each «, 1 < « < n, we need only show that the map Hom{Pi, M2) 
Hom[Pi, Ai^) is onto whenever 

(6.5) ^ Ml Ah M3 

is a sheaf exact sequence in Category ''^[s®bS,Q..G)- Let f : Pi ^ Mt, be a homomor- 
phism oi S S modules. We know that / maps Pi into A/|'"^ since Pi = Pf'^^. 
Thus we can restrict our attention to the sequence 

^ Mf ^ M|-' ^ M|-' ^ 0, 

which is also exact since 16.51 is a sheaf exact sequence in category '^{s®RS,n,G)- We 
can lift / to a map /' : S ®r S M^'^^ by composing / with the projection 
homomorphism. Now since S ®rS is projective in the category of S (E)b^ S'-modules 
we can lift /■ to a map f":S(E)B.S~^ A/|'"\ 



S(g>RS 




^ Mf ^ Mf ^ Ml'-' ^ 

Recall that P, ^ S (S) S/{S «)_r 5")^, where 

{S (g)R S)^ ^{xeS(g>R S\Mx) = for fc > i}. 

We will show that /''((5'®/j S)i) — 0, thus allowing us to lift /'' to the sought after 
element of Hom{Pi, M2). 

To achieve this, we shall consider / ■ : S (E)r S — >■ as a map in a stratified 

category constructed using a different ordering on the indices of G. With i as in 
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the above diagram, let a^^ = cTg,, (Jx^ = crgi+i, ••• , crx„-i+i = o-g„, '^x„_i+2 = 
<ygi , = fgi-i • Let be the poset giving the total ordering on the indices 
of G ; < a;2 < • • • < a;„. Let ^{s®rSXii,G) be the stratified exact category 
corresponding to the ordering An S — S bimodule, N, may be an object in 
both categories, ^(s«)RS,f2,G) and ^(5«.RS,a2,G)- For such a module, TV, we let 
N^^ denote a submodule in its filtration in "^(50^5,0,0)1 and we let A^^* denote a 
submodule in its filtration in the category ^(S0rS,Q2,G)- 

The module S S is in the category "^(50^5,^2.0); with a filtration in that 
category given by 

s^RS = is^R sf" D {s ST' 2 . . . D (5 sy- = o 

where {S<^rS)''' ^ {x e S<S)RS\(f>x^ (a;) = if fc < i}. This follows from Lemma[01 
since the order chosen on the group did not play a part in that proof. We see that 
the S — S bimodule, (5* <Sir S)^ coincides with the S — S bimodule (S <Sir S)^"-'+' 
in the category '^(s<»RS,n2.G) 

We also have that the S — S bimodule M^^' is in the category ^(s®rS,vi2,G)^ 
with filtration given by: 

Mf = (Mf -^)^« D (Mf 3 . . . D (Aff = 

where 

/A/ff'-M^fc-/ M^"^'-' if 0<fc<n-i + l 

^^^^^ ' ~\ if k>n~i + l 

Since (Mf-^)^"-! /(Aff )^'» 2S A//f +-7Mf+'-' , 1 < fc < n - i + 1, this module 
is isomorphic to a submodule of <S'[(Tgj._^;_j] = S[axk\- Hence the quotients have the 
required structure. Now/'' e i/omsig,jjs(S'(8)_f{5', M|'~^) and since '^(Sg,^5_02.G) is a 
full subcategory of S®rS modules f" must map {S ®rSY'^-^+' into M^"""'*^ = 
by Lemma 14.11 Hence factors through a map : Pi — >■ A^|'"^ and it is 
clear from the construction of these maps that / ■■ is a lifting of the original map 
f £ Homs^^s{P^,^■h). 



S®rS 




Since Horn is a left exact functor, this suffices to prove that for the 
sequence 

Homs<g,^siPi,Mi) Homs®j,s{Pi,M2) -> Homs(^^s{Pi, J^h) 

is exact in the category of Abelian groups for every exact sequence Mi — >• 
M2 — >■ M3 — >• in the category '^{s^RS,n,G) and hence that Pi is projective in this 
category for 1 < i < n. 

□ 
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Definition 6.5. Let i, 5, i?, 0, Cp, 0, and 4>g^. be as defined in Section 2. Recall 
that Ig. = {ag-, crg-^2 j ' ' ' 7 '^Qrz } ■ ^6 let 

{S (8)fl Sq)^ = {S (E)R Sa)ic^ ^{xeS SQ\<j>g, {x) = Ofork>i} i = l,2,...,n. 

and we let Pq^i = [S 0^ Sq)/{S 0^ SQ)i. 

It is clear that the above proof apphes when we replace Pi by Pa.i, 1 < i < n. 
In particular we have : 

Corollary 6.6. Let L, K, S, R, Q^^,G = {cgj^^crg^, ■ ■ ■ ,(Jg^},(l) and (j)g^ he as 
defined in Section 2. Let Pci,i be as in Definition 16.51 for 1 < i < n. Then 
Pq,'^'/Pq,^ =Oifj<t andP^Q-'/P^^ = PQ,^/P!l,^ = So[<Jg.]. Also Pq,, ts 
projective in the category 'Tf(^s^RSa,n,G)- 

We will also apply this result with the Galois group G replaced by the Galois 
group E = and the ring R replaced by Se- To avoid confusion later, we 

will make the appropriate definitions here. 

Definition 6.7. Let K, L, S, R, £3, fp, = = Wei , fXes , • ' ' , o-ei^i I' ^"'^ 

7 1 l£ k < \E\ be as defined in Section 2. Letting Le, a = {ce; , cTei+i , ■ • • t^^ciei} 
and 

{S(g>SESQ)E^; = {S(E>SeSq)i-^^^ = {x s S(g>SESo\(l)'^^{x) for k > i} i = l,2,...,n, 

we define PE,Q.i as Pe,o,i = {S (gjs^ Sq)/{S <g>SE ■ 

It is clear that the above proof applies when we replace R by Se, G hy E and 
Pi by PE,Q.i, 1 < * < l^-l- In particular we have : 

Corollary 6.8. Let L, K, S, R,£l,'^, E = £^(01*^) {a^^.a^^, ■ ■ ■ ,CTe|^|},(/i' and 
be as defined in Section 2. Let PE,Q.i be as in Definition \6.7\ for I < i < \E\. 
Let Q' be the poset {ei,e2, • • • y^\E\} with ordering ei < 62 < • • • < £\e\! and let 

Pea^ = PE"A^ ^ Pea^ ^ • • • ^ ^^',0.. - {0} 
be a filtration for PE,Q,i in the category '^(s^SeSoM' ,E)- Then PE^Q^tl PE,a,i = ^ 
if j < i and Ps^Q^i/ PE,Q.i = PE.il.i/ PE.Q,i - 'S'tJ^eJ- Also PE,a,i is projective in 
the category ^(s<g,SESa,^' ,E)- 

7. The Algebra £^s»bs{P) 

Let L, K, S, R, (f>, (pg^ and G ~ {o'gn<^g2j'^g3 ■ ■ ■'^g^} be as defined in Section 
2. Let us assume that the indices of G form a poset, fl — {51,32, • • ■ ,gn}, with 
ordering, gi < 52 < • • • < ffn- Let '^(s^iiS.n,G) denote the resulting stratified 
category defined in Section 5. Let Pi, 1 < i < n, be the modules defined in 
Definition MM and let P = Pi ® P2 ® P3 ® ■ ■ ■ ® P„. By Theorem EH and 
[4][Theorem 1.19], P is a projective generator for the category "^(s^HS.n.G)- Recall 
that £/s(^ifs{P) — Ends^ns{P)°^ ■ By Theorem 14.41 we have a functor 

F = Homs^^siP, -) ■■ M ^ Homs^^siP, M), 

from '^(s^nS-S^.G) to the category of ^5^^5(P)-modules. This functor is fully 
faithful and 

0^ M ^ N ^Q^O 
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is sheaf exact in '^(s»RS,n.G) if and only if 

^ FM ^ FN ^ FQ ^ 

is exact in the category of ^S(g,^5(P)-modules. The definition of ^/s^asiP) de- 
pends on the choice of projective generator from the category '^{S(SRS,n.G)- Al- 
though a different choice of projective generator, P' , gives a different algebra, 
^s®rs{P')i we have that the categories ^s,g,„s(^)— mod and ^^■(^^^(P')— mod 
are Morita equivalent, see Lemma [4.51 and the discussion prior to it. 

In this section, we determine the structure of ■s^s^rs{P) explicitly as a quotient 
of a matrix ring. First we calculate Homs^nsiPi, Pj), where Pi and Pj are defined 
in the previous section. 

Lemma 7.1. Let T he a commutative ring with identity and I and J ideals of T . 
Let 

[J : /] = {x e T| xl C J}. 

Let f be an element of HomT{T/L,T/ J), then /(I + /) G [J : I]/ J and the map 
F : HomT{T/I,TlJ) [J : L]/J given by 

F{f) = f{l + I) 

is an isomorphism of T- modules with inverse 9 : [J : I]/ J i—)- Hom{T/I,T/J) 
given by: 

[e{x + J)]{y + I) = xy + J 

Proof The T-module action on HomT(T/I, T/J) is given by (t/)(ti) = /(tti), for 
/ G HomT{T/I,T/ J) and t,ti G T. It is easy to see that F is a homomorphism of 
T modules, by checking that F{tf) = tF{f) and F{fi + /a) + ^(/a) for 

allt e T and /,/i,/2 G HoruTiT/ 1 ,T / J). Also, since if{l + I) = f{i + I) = + J 
for all I G /, we must have /(I + 1) & [J ■ I]/ J- 

To show that F is an isomorphism we show that the inverse of F is given by the 
homomorphism of T modules, 9 : [J : /]/J i-> Hom{T/I ,T/ J), defined as 

(7.6) [0{x + J)]{y + I) = xy + J. 

That 6 is well defined, follows from the definition of [J : I]/ J. That it is a T- 
homomorphism is also obvious. Given any homomorphism / : T/I h- !■ T/J and 

e{F(f)){y + /) - e{f{l + I)){y + /) = yf{l + I) = f{y + I) 
On the other hand, for x E T, 

F{0{x + J)) = [e{x + J)](l + I)^x + J. 
Hence F and 9 are inverses and are isomorphisms of T modules. □ 

Recall that if / is a subset of G = {cFg^ , cTgj , . . . , ag^ }, then {S (^^r S)i = {x e 
S S\4>g- (x) — for all x such that <Tg. ^ /}. 

Theorem 7.2. Let Ig. = {(jg^ , dg^^^ , . . . , } and Lg^ = {(jg^ , cjg^^^ , . . . , crg„} for 
1 < i^< n. We have 

P^^S^R S/iS ^R S)l. , P,^S ®R S/(S ®R S)lc 

Then 

[{S S)i. : (S ^R S)i. ] = {S ^R S)i^ .uii 
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and 

F : Homs0^s{Pi,Pj) ^ (5 ®k ^)/,. u/j /iS<E>RS)i. ,l<i,j<n 

where F{f ) = /(l(g)l + (S'(g)i{5)/c ), forf G Homsi^nsiPi^Pj), is an isomorphism 
of S S modules. 

Proof. We see that [{S ®r S)ic : {S ®r S)ic ] = {x & S ®r S\x{S ®r S)ic C 
(5(g)ijS')/<: }. Now looking at the image of S(^rS under the map </> from section 2, 
we see that .t(S'®_rS')/c C (S'(g)flS')/c if and only if (x) = when Gig. Dig., 
that is if and only if a; S {S (^r S)i^,ui^ . Hence by the above lemma, the result is 
true. □ 

It is not difficult to apply the same proof to S ^r Sq: 

Corollary 7.3. Let Ig- = {a^, , ag-^^ , . . . , CTg„ } and Ig^ = {ag^ , ag^^^ , . . . , CTg„ } for 
l<i,<n. We have 

Pa,i = S(3r Sa/{S (3r Sq)ic , P^j = S (^r Sa/{S (3r Sa)ic ■ 

Then the map 

F : Homs^^sa {PQ,i^ Pqj) ^ (g)R S'n)/,. u/j, /{S Oij Sq)ic^ , 1 < i, j < n 

where F{f) = /(I (g) 1 + (5 <»r S'q)/,?), for f e Homs0nSaiPQ,i, Pqj) is an 
isomorphism of S <S>r Sq modules. 

We can now find a concrete realization of ■s^s<^rs{P) as a quotient of a subring 
of Mnxn{S 0ij 5'), the ring of n by n matrices over S 0_r S. As above, we let 
Igi = {(Tg, , cTg,^! , . . . CTg^} for 1 < ^ < n. Wc let ys®Rs{P) be the subring of 
MnxniS (^R S) consisting of all matrices with (i,j) entry in (S <^r S)i uI" ■ We 
represent this ring as an array: 

( S(^rS S(g)RS S(g)RS \ 

iS(^RS)r S^rS S(^rS 



nS{P) = 



{S(^rS)i^^ iS(>^RS)i^^ui^^^ S(^rS 
(S ®R S)i^^ (S ®R S)i^^ui^^^ {S ®R 5)/,,u/,=3 



V / 

To show that ^s®rs{P) is indeed a subring of Mnxn{S ®r S), we note that, 
identifying S (^r, S with its image under the map 0, {S (^r S)a{S (^r S) b has zero 
components except perhaps in ^ fl Now since {Ig. U /^^ ) n {Ig^^ U /^^ ) C [Ig. U Ig. ) 
we see that 

(S (E>R S)i^^ui'^^ (S (g>R ^)/,,u/j^. C {S (g,R ^)/,,u/j^. • 

We define J^s^RsiP) to be the set of matrices in M„xn('S' ®r, S) with {i,j) 
entry in {S ^r S)i<^ . I claim that ^s®rs{P) is an ideal of ^%s®rs{P)- Clearly 
-^S^RsiP) C ^s®ns{P) and if ^1,^2 G J^S0«s(^'), then - A2 G Js®rs{P)- 
Since each {S®r S)ic is an ideal of {S®r, S) it is clear that {S®r^ ^)igi^ig i^'^R 
S)i.^ C {S(^rS)ic^ and ^s®„s(i^) is a left ideal of ^s®„s(i^)- Since I^^ n {Ig, U 
I^j^C I-^ , we have {S (g)R S)j.^ {S (S)r S)i^^^i., C {S (g)R S)j.^ . Hence J^s®rs{P) 
is an ideal of ^s®rs{P)- 
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Now since ^s»ns{P) is a ring and ^s®rs{P) is an ideal of i%s®as{P) we can 
form a quotient ring, in fact an 5* ®r S algebra, ^s®rs[P)/ '^s®rS{P)- We claim 
that the algebra £!/s®bs{P) is isomorphic to this algebra. 

Theorem 7.4. Let ^s®rs{P), ■^S®rS{P) and £/s®bs{P) be as above, then 

Ends®Rs{Pr = ^S®nS{P) = ^^S®ns{P)l'^S®nS{P)- 

We have under this isomorphism, that £/s®rs{P) is an S<S)rS algebra. Furthermore 
the natural map S S — C en{Ends® rs{.P)) given by x ^ (p ^ xp), for x G 
S (Sr S and p G P, is an isomorphism, and S ^r S = Cen{.s/s®ris{P))- 

Proof. We have P = Pi ® P2 (B ■ ■ ■ (B Pn- We define the generalized matrix ring, 
see Hahn and O'Meara ^[Section 4.2A] , ^s®rs{P), as the set of n x n matrices 
with i,j entry in Homs®Rs{Pjj Pi)- Let F = (fij) and G = (ffij) be elements of 
■^S®rs{P)- -^S^RsiP) has the structure of an associative S ®rS algebra with 
identity. Multiplication is given by the matrix multiplication 

F-G^{Y^f,,,gu,j) 

and addition and scalar multiplication by, 

F + G = (/ij + g^j), and xF = (x/ij), 

for x £ S (8)_R S. The identity of the ring is given by / = {ei.j), where e^j- is the 
zero map ii i ^ j and i^.^ is the identity map from Pi to Pi. 

We have an S ^r S algebra homomorphism, see [6j [Section 4.2A] , 
A : Ends®Rs{P) -> ■^S®rs{P) given by / ^- {fij) where fij is defined to be the 
composite map 

Pj ^ P — ^ P ^ P^ 

If P = Pi + P2 + ■■■+ Pn P , wc can write p as a matrix column 

fp^\ 

P2 



\Pn) 



For / e Ends®Rs{P), we have 

f{p) = [k 



(P.\ 

P2 



fn.kPk) 



\PnJ 

From this we see that the map A is one to one and onto. It is not difficult to see 
that A is an isomorphism oi S ®rS algebras. 
From Theorem 17.21 we have 

[{S ®R S)i.^ : {S ®R S)i.] = {S ®R S)i^^^i.^ . 

By lemma [731 we have an S ®r S module homomorphism 

e^,j : {S®rS)i^^^i.^ -^Hom{P,,Pj) 

given by 

e^,j{x){y + [S ®R S)i. ) = xy+{S®R S)i. , 
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with kernel 

kerOij = (5 (g>R S)ic: . 

Let ^s^nsiP)"^ denote the opposite ring of ,S£s®rs{P)- We can view ^s®rs{P)°^ 
as the ring of transposes, ■S^S(Sns{P)°^ = {S*'\S G ^S®rs{P)} endowed with the 
usual matrix multiplication from Mn{S ®r S). we can construct a homomorphism 

e:^s®as{Pr ^^S®rs{P), 

where 0{{si,jY) = (dijisij))* , for (sij) € ^s®rS{P)- It is not difficult to verify 
that ^ is a homomorphism of S iE)r S algebras with Kernel 

keTe = {H'\H eys^^siP)}- 
Hence we see that we have an S S algebra isomorphism 

^s^RsiP) 



Ends^^siPT" = ^S®rs{P) = 



■^s®Rs{Py 



That S ®R S = Cen{£/s(»Rs{P)) follows from the lemma below; Lemma [7.51 
since Pi= S®rS. □ 

Lemma 7.5. Let T be a commutative ring and let M he a left module over T . We 
have 

EndriT © M) J^t{T © M), 

where ^t{T ® M) is the generalized matrix ring defined in the proof of Theorem 
17.41 Moreover the map T Cen{EndT(T (B M)) given by t ^ It, where lt{y) — ty, 
is an isomorphism. 



Proof. That EndriT (B M) ^riT (B M), follows as in the proof of Theorem [M 
In this case each element of ^t{T © M) has the form 

/l,2 
/2,1 /2,2 

where : T ^ T, /i,2 : M ^ T, f2,i : T ^ M, f2,2 : M ^ M. and as in 
the proof of Theorem [TTil each / e EndriT © M) = Ji^riT © M) maps to such 
a matrix, {fi.^). It is easy to see that the map EndriT © M) — > ^t{T © M) 
described in the proof of Theorem 17.41 carries k to the matrix 



Otm tl]\f 

for t CzT, where where It : and 1m are the identity maps on T and M respectively 
and Omt : M ^ T and Ota/ : T ^ M are the zero maps. 

Let A = ( "^'^ ) be in the center of .^t{T®M). Then, for each m€ M, 

V 12,1 02,2 J 

A commutes with 

^ _ / It Omt 
\ Otm Om 

where It, Otm and Omt are as above and Ot : ^ — s- T is the zero map. The matrix 
identity Aei^i = ei^iA gives that a2,i = Otm and ai,2 = Omt- Hence 



A 



On Omt 
Otm 02,2 
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For each m e M, let = ( ^^^^ ) , where f^-.T^ M is the T homomor- 

V Jm J 

phism with /m(l) = m. The matrix equation AE^ — Em A gives that a2,2/m = 
frno,!,! for all ui G M. Hence a2,2/m(l) = a2,2('7i) = /m(ai,i(l)) = ai,i(l)TO. 
Letting i = ai we have 

\ Ota/ ^1a/ 

proving the Lemma. □ 

The arguments from the proof of Theorem 1 7 . 41 also apply to the S(E)r Sq module 
Po = ®1=iPa.z to give 

Corollary 7.6. 

Let PE,Q,i,l < i < \E\ be as in definition 16.71 and let Pe,q — ffi'=i-P£;,Q,i- 
The arguments given above apply with the appropriate substitutions to give the 
following: 

Corollary 7.7. 

Ends^s^SaiPE^nT^ = ^S(X,s^SniPE,Q)=^S(X,s^SniPE^Q)/yS<g,SESniPE^a)■ 



8. Semisimplicity of £/s(^asiP) ®s Pq 

Let L,K,S,R, £},^, G = {(Jg^,(Tg^,- ■ ■ ,0-33}, E = E{'lI\'^), <j) and (f>g^ be as 
defined in Section 2. Let ft be the poset {31,32, • • • ,9n} with the total ordering: 
<?i < 52 < • • • < 3n • Let Pi be as defined in Definition 16.31 and let P = Pi (B P2 ® 
■ ■ ■ (B Pn- We have that P is a projective generator for the category '^^(s®RS,f2,G)- 
In the previous section, we examined the structure of the algebra ■B^S(giR.s{P) ~ 
Ends^j^siP)"^ ■ We let Fq denote the residue class field S/Q. In this section we 
will consider the structure of the algebra £^S(Srs{P) ®S Pq over the field S/£l. 
Since the center of £!/s^rs{P) contains S (8)_r S, we have 1 Fq is contained in the 
center of .s/s(g,asiP) ®s Pq and s!/s®rs{P) Pa is central over Fq. 

Theorem 8.1. The algebra ^s^nsC-P) Po is semisimple if and only if Q is 
unramified in S . 

Note: Semisimplicity of .-B/s^pisiP)'<^s Pq is independent of the choice of projective 
generator P , by Lemma lA.bl and the discussion prior to it. 

Proof. If £} is unramified in S, then E — i?(i3|*P) is the trivial subgroup of G, 
see Marcus [11] [Theorem 28, Chapter 4]. In Lemma [3.131 we saw that S (^u Sq 
is isomorphic to Sg-^^Q © Sg^^Q © • • • © Sg^^Q via the map (p, where each S'gj.,£! is 
a copy of Sq, 1 < k < n. Since locahzation is flat, we have s^s®rs{P) ®s Sq = 
i^s^RsiP) ®s Sq)/{^s^^s{.P) ®s Sq). Using the fact that {{S (S>r ^)/)q = 
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{S Sq)i for any subset / of G, 
/ S(E)rSo 

{S (gjfl So.)i. 



^93 
^94 



it is easy to see that •^^^-r^^^^'^-^^Q = 

S(E)rSq ■■■ S(g)R Sq\ 

S(S)rSq ■■■ S(S)RSa 



S<S)rSq 

S(S)RSa 



\{S(^rSo)i 



{S Oij Sq)i 

{S(g>RSo)i^^ui, 



S ISIR Sq 

{S ^RSa)i,^uic 



S Ofl Sin 



Si 



^rSqJ 



/O {S(^RSa)i.^ 

{S®nSQ)ic^ 

(5(^r5o)/c^ 

{S(8RSa)ic^ 

[O {S^rSq)j.^ 

By applying the isomorphism 



(5( 
{Si 



93 



{S^RSa)i^^^ 



(5( 



{S(^RSa)i.^\ 
{S 0fl "Sq)/!^ 



we get that this is isomorphic to the quotient of 
Sg^^Q, the image of S ®r Sq 



matrix rings below, where So = 


SguQ® 


Sg2,Q ® • • 




under the 


map (j). 
















/ 








Go 






Sg2,Q 


(£)■■■ 


® 


Sgr.,a 




©Q 








® ••• 


® 


Sgn,a 


Sgr,a e 


Sg3,£l ® ■ ■ 


■ ® Sg„,a 






® ••• 


® 


Sgn,Q- 


SguQ « 


Sg4,Q ® • • 


■ ® Sg^^a 




[ 


Sg„, 


Q 




Sgi,i} ® Sg^ 


,a 






/o 


Sgi.O 


Sgi.Q 


® Sg2,Q 


■■ ©o\ 









Sgi.O 


Sgi,Q 


® Sg2,Cl 


•• ©n 









Sgi.O 


Sgi,0 


® Sg2,Q 


•• ©Q 









Sgi.O 




® Sg2,Q 


•• ©Q 








Sgi.Q 


^91, Q 


® Sg2,Q 





©q/ 



This ring is isomorphic to the subring of M„xra(©0) given below 



/ 


©Q 




Sg2,Q ® • • • ® 


Sg. 


.,0 


Sg3,Q 


® • • • ® Sg^ 


,0 • 


• 'S's„,0\ 




® • • • ® iSp^ 


,o 


Sg2,0 ® • • • ® 


Sg. 




Sg3,a 


® • • • ® (Sp^ 


,Q • 




Sg3,a 


® • • • ® Sg^ 




Sg3,£l ® • • • ® 


Sg. 




Sg3,a 


® • • • ® Sg^ 


,0 • • 


• Sg^^d 


Sg4,a 


® ■ ■ ■ ® '^Sn 


,n 


Sg4,Q ® • • • ® 


Sgr 




Sg4,Q 


35 ■ ■ ■ ® ^gn 


,0 ■• 


■ 'S'9n,0 


\ 






^gn,0. 








^gn,Q 







Since S'q/S'qO = 5/0, we will also denote Sq/SqQ. by Fq. ^s®„s(P) (X)s S/Q = 
^s®us{P) ®s Sa ®sa Sci/SqQ. = s/s®us{P) ®s Sq ®sa Fq. Thus it is easy to 
see that if is unramified in 5, we have 

^s^hs{P) Fa ^ Mi((i?b)sJ ® M2{{Fa)g2) ® • • • ® M„((F£j)gJ 
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and is therefore semisimple. 

It remains to consider the case where O is ramified in S. In this case, we will 
show that s^s«irs{P) '^S Fq has a non-zero nilpotent ideal. Let \E\ > 1, and let 
TO = |G|/|i?| = n/|i?|. Let {axi,(Jx2i ■ ■ ■ j'^x^} be a set of coset representatives for 
E in G, where (Jx^ is the identity element of G. By Corollary 13. Ill there exists a 
set of orthogonal idempotents {xi, X2t ■ ■ , Xm} in S 0^ S^i such that 



S<»rSq^ {S (8)fl Sq)xi ® (5" (g)^ Sq)x2 © • • • © (S" (8)fl S'q)x 



and 



r 1 if (jgj, G Ea, 

I otherwise 



From Lemma [3^ we have an isoomorphism of rings j : S (^Se — > (5* i8)_r >S'Q)a;i 
with 7(si (8) S2) — (si €5 S2)2;i, which extends to an isomorphism of vector spaces 
over .Fq ; 7 (g) 1 : S" i^Se 'S'q '^Sa — > (S' <^s S£i)xi Eq. Also from Lemma 
13.51 and Lemma I3.10i we have that S (8)5^ S'q = S's[n] (8)5^ Sq for some 11 e 
£1 d S. Letting E = {(Tei , (Tg^ , . . . , CTeiE, } and ^e. (n) = 11 (g) 1 - 1 (g) (Te. (n) e 
-S^Se Sq, i = 1, 2, . . . , |£;|, we have 0e.(^e.(n)) = 0, i = 1, 2, . . . , By Lemma 
EH {l,Aei(n),n?^e.(n),--- ,ni"^^e,(n)}isabasisforS'(g)5ES'Q as a right S-q 
module. 

We define "if : S (E)r Sq -i' S (S)r Sq ^a, by ^'(si «) S2) = si g) S2 1. Let 
Vf' : S <^Se Sq ^ S (^Se iSJsn be the map introduced in Lemma [3.121 It is 
not difficult to see that 



*(7(si®S2)) = (7«)l)(*'(si«)S2)), for si(Ss2e S^Se Sq- 



From Lemma [nH we have *'(^e.(n)) = ^'(^e.Cn)) for 1 < i,j < \E\ and if 
a = ^''(^63 (11)), we have al^l = 0. Hence, if we let a = (7 (g) l)^''(yle, (H)) = 
'i'{j{Ae-{ll))) we must have al'^l = 0. Also since {l,a,a^, ■ ■ ■ ,a"~^} is a basis for 
S 'S'q g) as a vector space over Fq, we have {1, a, o? , • • • , a""^} is a basis 
for (5 g)^ Sci)x\ g) and a 7^ 0. 

We are now ready to construct a non-zero, nilpotent ideal of the algebra. It is 
not difficult to see that ^s®rs{P)-,^S®rs[P) and sis®Rs{P^ are finitely generated 
and projective as right S'-modules. Hence the short exact sequence 



^ Js®rS{P) ^ ^S®nS{P) ^ ^S®nS{P) ^ 
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is a split exact sequence of right S modules. Thus, applying the functor 
get ^s<s>rs{P)^S Fq ^ 



^sFq, we 



'I'iS^RSo) 



^{{S®rSo)iJ ^{{S®RSa)i,,uiiJ 
^{{S^RSnhJ ^{{S^RSa)i,,ui^J 



^{S(g>RSQ)\ 

'^(S^rSq) 
■^{S<E,rSq) 

■^{S (S}RSi:i)J 



/O *((5 0k5q)7cJ 

'f{{S^RSo)irJ 

'fiiS^RSQ)!.) 



^{{S®rSq)icJ 

^{{S(g>RSo)i^J 
'f{{S^RSo)iJ 



*((5(^K5Q)/eJ ^{{S(^rSq)i.J 



^{{S®rSq)i. ) 

'f{{S®RSQ)l.J 

^{{S®rSci)i. ) 



\0 *((S®h5q)jcJ ^{{S(»rSq)icJ ... ^{{S(3RSa)i.JJ 
Consider the subset of ^S0bs(-P) ®s Sq (Sis^ Sq/QSq given by ^ = 



/ miiS(E>RSQ)xi) 

a*((5®fl5Q)/^Jxi) 

m{{{s^RSQ)ijxi) 

a^{{{S^RSa)r)xi) 



Va*(((5®ii5Q)r 



0\ 






where J^s®fiS(-P) Os -Fb = 



/O *((5®fl5£j)/cJ 

) 



Vo 



^{{S^rSq)i.) ^{{Si 



^{{S(3RSa)i. )\ 



It is clear that ^ is a non zero ideal of ■^s®rs{P) ®S Sq ig 
it is nilpotent. Each product of |£^| matrices from the ideal 
matrix of the form: 



^0. First we show 
? has a representative 



/ai(l) 

a2(l) 

03(1) 

V«n(l) 



o\ 






/ai(2) 

a2(2) 
03(2) 



0/ \a„(2) 



0\ 




0/ 



(ax{\E\) 

a2(|i;|) 

az{\E\) 

Vnm) 



o\ 




oy 
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ai( 


\E\) 





• 


■ 0\ 


aii 


m 





• 


• 


ai( 


m 





• 


• 



/ai(l)ai(2)ai(3) 
a2(l)ai(2)ai(3)' 
a3(l)ai(2)ai(3)' 

\anil)ai{2)ai{5) ■ ■ ■ aii\E\) ••• oj 

Now we see that = a'^' divides each product of |i<^| elements of the form ai{j), 
I < i < n, 1 < j < \E\. Hence ^'^1 = and ^ is a non zero nilpotent ideal of 
■^StSnsiP) <^S Sq (S)Sa Pq- Therefore ^S0rs{P) <»S <»Sa l^as a non zero 
radical and is not a semisimple algebra over Fq . □ 

9. DUALIY 

Let L,K,S,R,£l,''^,(j) and 0gj. be as defined in Section 2. Let G be the Galois 
group of L over K such that G = {cg^^jag^, ■ ■ ■ jCrg^}. Let fl = {gi\gi G ^} be 
a poset giving the total ordering, gi < 52 < • • ■ < 5n on the indices of G. If 
Y — {<Jy^ , cr j,2 , • ■ • , <7yk } is any subset of G, we let f2| y denote the restriction of the 
ordering on Vt to the indices of the elements of Y . 

Let E = = {fTei , , • ■ ■ : '^e\E\ } dcuotc the inertia group with respect to 

£}. Let {(Txi , cr^a , • ■ • , f^xrn} be a set of right coset representatives for E in G, where 
m = n/\E\. . Recall from Corollarv 13.111 that there exist orthogonal idempotents 
{xi, X2, - ■ ■ , Xm\ va S ®R Sq such that 

S<»rSq^ (5 (K)_r, 5'Q)a;i ® (5* (g)^ Sq)x2 ® • • • ® (5 «)_r. Sa)xm 



where 



1 if CTgt G 



otherwise 

We let {xi,X2, • • • , Xm} denote such a set of idempotents in S Sq, throughout 
this section. 

Let T be a commutative ring and let A and U be Noetherian commutative 
T-algebras. Let H = {(Jhi}i=i be a family of pairwise distinct T-algebra homo- 
morphisms ai^ : U —?' A, indexed by A = {hiJl'zl, a poset with a total ordering 
hi < h2 < ■ ■ ■ < ht- From Definition 14 . 2 1 we have a stratified category '^(u®tA.a,h)- 
In this section, we will deal with such categories defined by a variety of rings, groups 
and orderings. 

We will show that there is a Duality on the projective modules in '^(s^iiS,n,G)j 
namely the contravariant functor Homs<^jis{—, S®rS) maps projectives in '^(s^nS^n.G) 
to projectives in '^(s®RS.n,G)- First we verify that Homs(^Rs{— , S (^r S) does in 
fact map projective modules in '^^(s«iRS,n,G) to modules in '^^(s«iRS,n,G)- 

Lemma 9.1. Let S,R and Q be as defined in Section 2 and let Q be a projec- 
tive module in '^(S0rS,Q,G)- Then Homst^Rs{Q, S ®r S) is an S 'Eir S module in 

Proof. Let M — Homs^RsiQ, S ^r S). M is a.n S ®r S module since S ^r S is 
commutative. Letting M^' = Homsi^RsiQ, {S ®r S)^'), 1 < i < n, I claim that 

M = Mf« D Aff 1 D 2 • • • 2 M^" = 

is a filtration for M with the required properties to ensure that AI G '^{s®RS,n.G)- 
Consider the quotient AF- /Af^'+i = Hom{Q, {S (E)r Sy')/Hom{Q, {S (S)r Sy^+^). 
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This is isomorphic to M^9^) = Hom{Q,{S ®r Sy-/{S(»R Sy-+^), since Q is pro- 
jective in "^(soRS.n.G) and the sequence 

o^{S(g)R sy*+' ^ {s sy^ ^ {s (^r sy'/{s (^r sy'+' ^ o, 

is sheaf exact in the category '^(S(8hS.J2,g)- 

To see that the action of S(SrS on M^3^\ is compatible with the requirements for 
a filtration, we must show that (si ® S2)/ = {^^o-g.{si)s2)f for / e Hom{Q, {S(>~)r 
Sy^/{S®R Sy^+^). liqeQ, we have ((si ® S2)f){q) = (si ® S2)(/((?)) = (1 ® 
(Tg,{si)s2)f{q) = {{mag^{si)s2)f){q), since / (5) S (5®ijS)9V(5®ij5)s^+^ Hence 
5 (8)_R 5 acts appropriately on the quotients of our filtration for M. It remains to 
show that the quotients are finitely generated and projective as right S modules. 

Since (5 (^r Sy^ /{S (>y>n. S)^^+^ is finitely generated and projective as a right S 
module, and Q is also finitely generated and projective as a right S module, we have 
that M^^*^ is a submodule of a finitely generated free right S module and hence is 
finitely generated and projective as a right 5-module, since 5 is a Dedekind domain. 

□ 

It is not difficult to see that the proof also applies to projectives in 'rf(^S(g>RSQ,n,G)- 

Corollary 9.2. Let S, R and Q be as defined in Section 2 and let Q he a projective 
module in "^(sorSq ,a,G) • Then Homs^nSaiQ^^ ^rSq) is an S^rSq module in 

We are left with the task of showing that Homs(SRs{Q, S (Sir S) is projective 
in 'rf(s<»HS,n.G) when Q is projective in "^(s^KS.n.G)- We will use a local-global 
argument. We first prove a series of lemmas that allow us to reduce the local case 
to consideration of the category ^(S0SESa,f^i,-E)> where fii is a poset giving an 
ordering on the indices of E. 

Lemma 9.3. Let S,R,£l be as defined in section 2, and xi,X2, ■ ■ ■ ,Xm be the 
orthogonal idempotents in S ^r Sq defined above. If M and N are S ®r Sq 
modules, then 

Hoitis^rSq (xjM, XkN) = 0, if j ^ k. 

and 

Homs<s,RSn (M, N) = ®ZiHoms^„Sa i^i^, XiN). 
Also Homst^r,Sai^iM,XiN) = Hom(S(^„Sa)x,{xiM, XiM) . 

Proof. Let / € Homs®RSa{xjM,XkN) for 1 < i,j < n. Let m & M with 
f{xjm) = XkU for some n G N. Then f{xjm) = f{xjXjm) = xjXkU = if 
j ^ k. Hence Homs<s,RSa{xjM,XkN) = 0, \i j ^ k and Homs^RSai^^^) = 
®T=iHoms,SRSa {xiM, XiN). 

If g G Homs<g)RSQ{xiM,XiM), then we have g G Hom(s^^Sa)xi{xiM,XiM) 
automatically. On the other hand if we start with g € Hom(^s0i)RSo)xi{^'iM,XiM)), 
then if a; £ S^SirSq and Xim S XiM, we have g{xxim) = g{xXiXim) = xxig{xim) = 
xg{xim). Hence g € Homs®RSa{'^iM,XiM). 

□ 

Lemma 9.4. Let Let S,R,£},G = {ag-^,ag^, . . . ,(7g^} and n be as defined at the 
begining of this section. Let Y C G, with Y = {(Jy^,ay.^, . . . ,(Jy^}, where VI\y gives 
yi < y2 < ■■■ < Vk- Then 'rf(S(s,RSa,n\Y,Y) is a full subcategory of ^S(s,RSa,n,G)- 
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If N ^ M ^ P ^ is a short exact sequence of S <Sir SQ-modules in 
'^^(S®RSa,^W,Y), then it is a sheaf exact sequence in ^^(^S(SRSa_MY X) if only if 
it is sheaf exact in "^(s^HSQ^a.G)- 

Proof. Let M be a module in '^{s^rtSaMv-Y) a-nd let 

M = D D IVP^ 2 • • • 3 M^" = 

be a filtration for M in "^(50^5^2 Ifgt < ?/i , then we let M^' = M. Otherwise 

for i = 1, 2, . . . , n, let Af* = Af't , where i/i^ is the largest element of Y which is 
less than or equal to gt- It is easy to see that this gives a suitable filtration on 
M as a module in the category ^(s«iRSa,^,G) satisfying the necessary conditions 
on quotients. It is also not difficult to see that ifO— >7V— >-M— >-P— T^Ois 
a sheaf exact sequence in ^(s^RSa-n\Y ,y)j then it is sheaf exact in 'Tf(s^RSa-n,G)^ 
since every subsequence — M^' — )■ 7V^* — )• P^' — > is in fact a subsequence of 
the form — )■ M^'* — )• TV** — )• P^'t — and hence is exact. □ 

Lemma 9.5. Let L,K,S,R,£l,E — and Se be as defined in section 2. 

Let ill be a poset ordering the indices of E = {ue^ , tXea , ■ . . , (^e^E\ such that ei < 
62 < • • • < e\E\ ■ Then 

Proof. Let M e ''^(s®fl5n,Oi,B) with fihration 

M = M'''' D ilP^i D AP=^ 3 • • • 2 M^i^^i = 0. 

By [1] [Section 1.11] , we have a one to one inclusion M — > M (8)^ L, since Af is 
projective as an R module. Also we have M <Sir L has a direct sum decomposition 
as an S (E)r L module of the form M (E)r L = (Buj^QiM'^ such that each M'^ is an 
L vector space and sm = m<Ti^(s) for each s £ S. Since ^^{s) = s for each cr^ Cz E 
and each s G Se, by considering the inclusion of Af into M (E)r L, we see that 
sm = ms for all s € S'b. Hence we can view M as an S (^Se module. We also 
see that the quotients of the filtration given above have the appropriate properties 
to give M the structure of a module in "^(s^sESo.ni.B)- K is also obvious that a 
sheaf exact sequence in '^(s^rSq,Qi,e) is also sheaf exact in ^(3^3^30,(^1, e)- On 
the other hand any module in "^(s^s^SQ.ni.B) is automatically an S <^r S module 
with a filtration having the appropriate properties and any sheaf exact sequence 
in '^(S(g)s^S£,,ni,B) is also sheaf exact in ^(s«iRSa,^i,E)- Hence the categories are 
equal. □ 

Lemma 9.6. Let L,K,S,R,£l,G = {ag,,ag^, . . . ,ag,^}, and E = E{£}\^) be 
as defined in section 2. Let Q be as defined at the beginning of this section. 
Let {axi,crx2,' ■ ■ t'^x^} be a set of right coset representatives of E in G and let 
xi,X2, . ■ . ,Xm be the corresponding orthogonal idempotents of S ®r Sq defined 
at the beginning of this section. Let Zi — Euxi — Wei<^xi — o'z._^, (7e2'^xi ~ 
azi^, . . . ,<Je^Ei'^xi — <^zi^^^}- Let us assume that the indices of E are labelled so 
that ^l\zi give the total ordering Zi-^ < Zi^ < ■ ■ ■ < Zi^^^ on the indices of Zi. 
The category '^(s®RSQ,Q.\z^,Zi) is a full subcategory of 'S'(s®RSa,^,G)- Let N be an 
S ®R So module in '^{S0rSo,(i,g), then N is in ^(s«,„SQ,n|z.,Zi) if and only if 
N = {S ^R S£i)xiM for some module, M, in ^(s^RSa,^,G) or equivalently if and 
only if XiU = n for every n £ N . 
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Proof. That '^(S8HSo,a|zi,2,) is a full subcategory of '^(S(x)rSo,^.g), follows from 
Lemma [Ol Let M be a module in ^(s«iRSo.n,G)- Then M = xiM © X2M © 
••• © since xi,X2, ■ ■ ■ are orthogonal idempotents in S (Eir Sq. Now 

M; = (S (>^RS£i)xiM = XiM is a direct summand of a module in '^{s^RSa,Q,G) and 
it is not difficult to see (see 0] [Lemma 2.6] ) that it has a filtration 

Mf° = M, D Mf ' D Mf" 3 • • • D Aff" = 0. 

I claim that Alf' = M*+' if crg,^^ ^ Z;. We have that Xiin = m for all m € ilf^, 
since xj — Xi, hence it is enough to show that Xi{Mf' /Mf'^^) = 0, if o-g^+i ^ Zi. 
Since M^f' /M^^^^ is finitely generated and projective as a right 6*0 module, it is free 
as a right Sq module, since Sq is a local ring. Hence Mf'/Mf'+^ = ffii'S'Q[CTgj+i]i 
and it is enough to show that XiSQ[ag.^^] — 0. Let Xi = ak <E) Pk & S Sq. 
If s e ^oicrgj+i], then x^s = s(X;fe o-gj+i (afc)/3fc) = s0gj+i(xi) = 0, since CTg^^j ^ Z^. 
Hence we can view the filtration as a filtration of Mj in ^{St}$RSa,n\z- ,Zi) ■ 

M, = M[-° D M[-^ 3 • • • 2 = 0. 

The quotients inherit the required properties from the filtration in '^(5(g)„So.f2,G)- 
Thus if M is an Si^rSq module in ^(s^hSo.si.g); then {S'SSRSQ)xiM is an S(^rSq 
module in M S '^{S(^RS^.n\z,.Zi)- 

On the other hand, given any S (^r Sq module, N, in ^(S(8irSq,si|z ,2^)7 N is 
also in '^{s^rSo,^,g), since 'rf(S(»RSQ,n\z^,Zi) is a fuU subcategory of 'rf(s<»RSQ,n,G), 
by Lemma It has a filtration 

iV^'o = 3 AT^^'i D D . . . D AT^'n = 0. 

For such a module, XjN = for j 7^ i, since Xj(N^^k /iV^''=+i ) = for each quotient. 

Hence N = xiTV + a;2iV H h a;„i7V = XiN. 

It is easy to see that an S (E)r Sq module, N, of the form N = XiM, where M 
is an 5 ^r Sq module has the property that Xin = n for all n £ N, since xf = Xi. 
Also it is obvious that if iV is an S" <^r S'q module with the property that XiU = n 
for all n G N, then N — XiN . This finishes the proof of our Lemma. □ 

Lemma 9.7. Let S, L, R, 1}, *p, 0, 4>g^,G = {cTg^ , o-g^ , . . . , crg„ }, onrf = -E(0|*P) 
be as defined in section 2. let be as defined at the beginning of this section. Let 
Wxi, <^X2: ■ ■ ■ 7 '^x„^} ^6 a set of right coset representatives of E in G, where (Jxi is 
the identity in G. Let xi, X2, . ■ . , x„i be the corresponding orthogonal idempotents of 
S(SrS£i defined at the beginning of this section. Let E = {a^ei ■, <^e2 j ■ • • j '^e^Ei } '^^'^ 
Zi be the right coset Ea^^ = {'yei'Jxi = ct^.^ , CTe^CTxi = tr^,^ , ■ • • , (Je^E\ = '^'^i^^i ^■ 
Let us fix i and assume that the indices of the homomorphisms in E are labelled 
such that ^\zi gives the total ordering on the indices of Zii Zi^ < Zi^ < ■ ■ ■ < Zi^^^^ . 
Let fii be a poset giving the ordering, ei < 62 < • • • < e\E\ on the indices of the 
elements of E. Let fi be the homomorphism, fi : S®Se Sq — ?• {S ®r Sci)xi given 
by 

fi(si ® S2) = ® S2)Xi 

Then fi is an isomorphism of rings which induces an isomorphism of stratified exact 
categories 

f* ■ '^(S®HSQ,0|z,,Zi) ^(S«is£,S'a,Oi,£;)- 

Proof. From Lemma [3.91 we have an isomorphism 7 : S (®Se ^ [S (^Sr. Sq)xi, 
with 7(si (8) S2) = (si (8) S2)xi. We also have a ring isomorphism cr^T.^ (8) 1 : (S* (8)ij 
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Sq)xi — {S (X)_R SQ)xi by Lemma [3.81 since letting xi — J2i ® Pi see that 
(cr~.^ ® l){xi) = Xi as follows; 



1 if CTfc G BCTj;, 

otherwise 



This gives us that fi is the composition of the above maps, fi — {<J~^ 01)07, and 
hence is an isomorphism of rings. 

We now show that the inverse of /i, is given by /^^^ = hi : {S i^r SQ)xi 
S(!^Se where hi is the restriction of the homomorphism from S(^rSq to S(>^Sj^ Sq 
which sends s 1(g) S2 to ax,{si)'SiS2- We have /ii((/i(si (8)82)) = hi{a~^^ {si)i^S2)xt) — 
(si (K) S2)hi{xi). Since {a~^ ® = xt we have (cr^i ® ^){xi) = xi. Now 

hi{xi) = il){{(Jxi®t){xi)) — '4!{xi) — 1(8)1, where = is the isomorphism defined 
in Lemma [3.91 Thus hifi — ids^s^Sa- easy to see that fihi — ids^r^Sa^i^ 

using the fact that xf = Xi. 

Since fi is an isomorphism of rings, we have that induces an equivalence of 
categories /* : (5* (gj? SQ)xi - Mod 5 (8)Se Sq - Mod with inverse h*. Now if M 
is a module in '^(S(g)jjSo,a|z t^i^^j by Lemma [^751 M is an {S (^iiS£i)xi module 
with a filtration 

M'"> = Af D M'^i D M"^^ 3 • • • 3 M^i^i = 0. 

Consider the filtration 

f^iM^") = f*{M) D /*(M^0 3 .f*iM^^) 3 • • • 2 /*(Ari^i) = 0. 

Let [m] = m + f*{M'"') be an element of f*{M'"'-^)/ f*{A'F"') for some fc, 1 < fc < 
Then for s (g) 1 S S* ®Se Sq, we have (s (g> l)[m] = f,{s (g> l)rn + f*iM'"') = 
(a-i(s) l)m + /*(M-'=) = mae,(a,,(a-i(s))) + /*(M-'-) = Hae,(s). The 
quotient f*{M^''-^)/f*{M^'') is finitely generated and projective as a right Sq 
module since the right action of Sq is that on the quotient M^''-^ /M^'' . Thus 
letting {f*{M)Y'' = /*(M^''), we get a filtration of f*{M) with the necessary 
properties to show that /*(M) e '^(s®SESa,^i,E)- 

On the other hand let N £ '^(s®seSq,^i,e)i with filtration 

We have h*{N) e (5 (8_r SQ)xi - Mod. Consider the filtration 

/i*(iV'=«) = /i*(Ar) D hli^N"^) D KiN"^) h*{N''^''^) = 0. 

Let [n] = n + hUN"") G h*{N'"'-^)/h*{N'"'). For s ® 1 e S (E)r Sq we have 
{s(g>l)[n] = h,{sm)n+h*{N'"') = {ax^{s)(g>l)n+h*{N'^'') = nae,ax,is)+h*{N^>') = 
nazf. + h*{N^''). Since the action of Sq on the quotient from the right does not 
change, the quotient is finitely generated and projective as a right 5*13 module. 
Hence this gives the necessary filtration to show that h*{N) is in "^(Sig^Si-i^niz 

Now since f*h* = Id'^^^^^^^^ ,,^ ,,^ and h*f* = id^^^^^^^ ..^^^^^^^, we have that 
both /* and h* preserve exact sequences of modules. Since f*{M^'') = {f*{M)Y>' 
and hUN--) - (/*(iV))^N for M e %»„So,nu.,z,) and N e <^(s«,^Sn,f2i,i=;), 
1 < fc < we can easily see that /* and h* also take stratified exact sequences to 
stratified exact sequences. Hence /* is an equivalence of stratified exact categories. 

□ 
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Lemma 9.8. Let L,K,S,R,£l,'^,G,E ~ and V, be as indicated at the 

beginning of this section. Let be a right coset representative for the right coset 
Zi — Ea^i of E in G. Let Qi be a projective module in 'i^{s^RS,n\z- ,Zi)- Then Qi 
is projective in "^(so^s.n.G)- 

Proof. By Lemma l^^ we have Qi — XiQi and By Leinnia [^31 Homsi^pt^Sd {Qii ^'^) = 
Hom{Qi,XiM) for every S ®r Sq module in "^(Si^aSa.^^G)- Now let 

^ Ml Ah Ah^O 

be a sheaf exact sequence of modules in "^(Sigj^s.o.G)- It is not difficult to show that 
if Mfc, k — 1,2,3 has a filtration: 

Alk = Mf D Mf D A/f D • • • D Mf' = {0}, 

in ^(s«.HS,n,G), then 

x,Mk = x.Mf D x.Aff D x,A/f 2 • • • 3 x,A/|" = {0}, 

is a filtration for XiAIk in '^[S0RS,n,G}- Using this filtration, Lemma [9.3l and Lemma 
I9.6| we see that 

— > XiAIi XiA'h — > XiAIj, — > 

is a sheaf exact sequence S^rSq modules, 'va-^(S(g)fiS,n,G) a-nd ''^'Q-^(s®rS,o.\z- ,Zi)- 
By Lemma l973l the sequence of Abelian groups 

Homsis,^SQ{Qi,Mi) -> Homs^j^sQiQijAh) Homs(s,,^SQ{Qi, M3) -> 

is the same as the sequence 

^ HomstsRSQ{Qt,XiMi) Homsis,RSQ{Qi,XiM2) -J- Homss>RSQ{Qi,XiM3) 0. 

The latter sequence is exact as a sequence of abelian groups because Qi is projective 
in the category '^(s®rS,o|z. ,Zi)- Hence Q^ is projective in the category '^(scsRS,n,G)- 

□ 

Theorem 9.9. Let L, K, S, R, 0, «P, G, £; = £;(£)|*P) &e as defined in section 2. Let 
Q, be as indicated at the beginning of this section. Let {cfxi}iLi be a set of right 
coset representatives for the right cosets {Zi = Eaxi}^i of E in G. Let {xi}'^^ be 
the corresponding idempotents described at the beginning of this section. Let Q be 
a projective module in the category ^(s®rSq,Q.,g)! then HcmisigjRSa (Q; ^ '^R ^o) 
also projective in the category '^(s®rSq,Q..g)- 

Proof. We first reduce the problem to the category ^(s^s^Sq^Qi^b)- By Lemma 
HSlwe have Homs(s,RSa (Qy SiSirSq) = ®iHoms<s>RSa (xiQ, S<^rSq). By Lemma 
19.81 we have that Q is projective in the category '^{s^RSa,^,G)j if a-nd only if each 
XiQ is projective in the corresponding category '^(s^rSoMz- ,Zi)j for 1 < i < m. 
Hence it is enough to prove the result for the category '^{s^rS^Mz- -Zi}- 

Now by lemma there is an isomorphism of categories /* '■ '^{S(S>RSaMz- ,Zi) ^ 
'^(S^SeSo.^i^e), where fti is a poset giving some total ordering on the indices of 
E; {ei, 62, • • • ,e\E\}- It is not difficult to see that if Q.; is a module in '^(s^rSoMz- ,Zi)j 
then Qi is projective in '^{S0RSoMzi,z,) if and only if f*{Qi) is projective in 
"^(SfDsE Sa,ni,E)- Hence it suffices to prove the theorem for the category "^(s^Se Sa ,n,,E) ■ 

Let E — {(Tej , I ■ ■ ■ y^e\E\} and let Qi be the poset {ei,e2,--- with 
ordering ei < 62 < • • • < e\E\- Let (/>' : L ®Le L ^ Li® L2® ■ ■ ■ ® L\e\ and 4>'^^ 
be as defined in Section 2. Let {S (>^Se 'SQ)E,i and PE,Q,i be as in Definition 16.71 
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From Corollary 16.81 and j4| [Theorem 1.19], we have that Pe.o = Pe,os © Pe,£i,2 © 
• • • ffi Pe,q,\e\ is a projective generator in '^(s«,s^SQ,ai,£;)- 

Let O be a projective module in ^(s®SeSq,^1'E)' ^i'^'^^ -Pe.C! is a projective gen- 
erator, O is a direct summand of P^ q for some n > 1 and hence Homs^s Sq (O, SiSSse 
Sq) is a direct summand of Homg^g^gj^ (Pg q, S* S'q). This is projective if 
Hottis^SeSq (^e Q' ^ ®Se ^o) is projective, which in turn is projective if 
Homst^s Sq{Pe,q, S ®Se ^q) is projective, since direct summands and direct 
sums of projective modules are projective. Now Homs(g)s SaiFs.Q, S (^Se ^o) — 
®iJiHoms^sESa(^E.Q,i, S (^Se 'S'q), hence it is projective if and only if each 
Homs^s^Sa {PE,Q.i, S (E)Se Sq) IS projective in "^(s^s^SQ.ni.B) for each i,l <i< 
\E\. 

Recall from Lemma 13.51 and Lemma 13.101 that S (gjs^, Sq = Se[^] ®Se Sq, 
where 11 € and S C (S'£;)Qg[n]. Note that this implies that LE(n) — L. Let 
lE^e, = {cre,,cre,^^, - ■ ■ , CTei^i } and for a given i,l < i < k, let {S (g)SE Sq)ie,,. = 
{x £ S (>^Se SQ\4>e^{x) = if fc < i}. By Corollarv 17. 3| with the appropriate 
substitutions, we have that 

Homs^SESaiPE^£l,i,S (E)Se Sq) = {S (E)Se Sq)ie^^. 

Also from Corollarv l7.3l the isomorphism is given by G : Houis^SeSo (PE.a.i, S(^Se 
Sq) -> (S ®Se Sq)ie_^^, where G{f) = /(I ® 1 + (5 ®Se Sq)e,i) and is an ison- 
morphism of S (^Se Sq modules. 

It remains to show that {S (^Se Sq)ie^^. is projective in '^^(s®SESa,^i,E)- We 
wiU in fact show that {S S'q)/^,. is isomorphic to PE.Q,i as an S (8)^ Sq 
module. Recall that Ae^{Il) = n ® 1 - 1 <Si (7^^(11) for 1 < k < \E\. From 
Lemma Em we see that {S i^Se Sq)ie_^^ — 'n.k<i^ek{^){S '^Se Sq)- Now con- 
sider the S 'S^Se Sq module homomorphism F : S ®Se Sq — ^ {S (^Se Sq)ie ^ j 
where F{x) — (J^^.^ ■ (n))a;. It is easy to see that {S (^Se SQ)E,i ^ kerF, since 
'l^'e,iUk<,^e,(Ji))x) = for alU, 1<1< \E\, when x e {S ^Se SQ)E,^■ On the 
other hand, if a; e keri^, we have 4''eiiiY[k<i ^<^k(^))^) ~ each I. Hence for 
Z > z, we have <f>'e,iiIlk<^ ^e.m^) = <f>'e,iIlk<^ = and since Sq 

is a domain, we must have either (j)'^^ (YlkKi ^<^k (n)) = or (f)'^^ [x) = 0. Now if / > i 
and k < i, then (j)'{Ae^ (11)) = ae, (H) — o-g^ (11) ^ since ^ (Je^ and L = L£;(n). 
Therefore x € {S ®Se SQ)E,i- Hence kerF = {S (85^ SQ)E.i and F hfts to an 
isomorphism of S ®Se Sq modules 

F ■■ Pe.,q,i = tfj^'^'^a'^ > {S®SeSq)ie = Homs(SsESQiPE,Q,i,S<»SESQ)- 

Therefore HoniscssESa {PE,Q,i, S(E)SeSq) is projective in the category '^(S(x,SESa,ni,E) 
and this completes the proof of our theorem. □ 

We are now ready to prove a global theorem on Duality. 

Theorem 9.10. Let L, K, S, R,£l, and G = {ag-^,ag^, ■ ■ ■ ,Cg„} be as defined in 
Section 2. Let Q be a poset giving a total ordering on the indices of G. Let Q 
be a projective module in "t^^s^rS, n,G); then Hom{Q,S (8)_r S) is also projective in 
"^{si^rS, n,G)- 
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Proof. From Lemma [4.31 we have that Q is projective in "^(sgflS, o,G) if and only 
if the short exact sequence 

^ Qf-VQ^' ^ Q/Qs* ^ g/g^*-^ ^ 

gives rise to an exact sequence 
^ HomiQ/QS'-^ , 5[fTgJ) ^ Hom{Q/Q9^ , S[<jgJ) ^ Hom{QS'-^ /QS- , 5[CTgJ) 

^Sxii(g/g^'-S^K]) ^0 

for each i,l < i < n, where Hom{M, N) denotes Homs^jisiM, N). Thus Q is 
projective in "^(s^hS, o,g) if a-iid only if the maps fi are surjective for 1 < i < n, 
since Hom{—, S[ag.]) is a left exact contravariant functor on S S modules. 
For any i,l < i < n, fi is surjective if and only if the localization 

(/,)q : HomiQa'-^/QS^,S[ag,]) ®s -> Ext^Q /QS^-\ S[ag^]) ®s Sq 

is surjective for each maximal ideal of S, by [IB [3.16(2)]. This in turn is true 
if and only if the map (/i)^ in the sequence below is surjective for each maximal 
ideal Q of (by [I31[2.39]) : 

^ HomiQa/Q'a-^SaWsA) Hom{Qa/QV,,Sa[<j,^\) ^ J/om(Q?,'-VQg, SaKD 

i5a;fi(Qa/Q^*-\5QK]) ^ 0. 

By applying Lemma 14.31 again, we see that this is true if and only if Qq is 
projective in "^(s^HSn, n,G)- Hence Q is projective in '^(s^^S, a,G) if and only if 
Qq is projective in '^(s®rtSa. f2,G) for each maximal ideal of S. 

Thus if g is projective in the category ^(siginS, f2,G)i then Qq is projective in 
^{S®rSq, n.G) for each maximal ideal, O, of S. Hence by Theorem 19. 9| 
Homs®RSa{QQ, S ®R ^o) is projective for each maximal ideal of S. Since 
Homs^ifSa (Qq^ ^ ®R ^q) is isomorphic to {Hom{Q, S ®r S))^, we can conclude 
that Hom{Q, S (^r S) is projective in the category '^(s^rS, o,g)- 

□ 

10. BGG Reciprocity 

Let L,K,S,R,G = Wg^^ag^,--- ,crg„},0,<P and E = £^(0|*P) be as defined 
in Section 2. Let ^(s^^Sq, n,G) be the associated stratified exact category de- 
fined in section 4, where $7 is a poset giving a a total ordering on the indices of 
the elements of G, {gi,g2,-- - Let Pq^^ 1 < i < n be the projective mod- 

ules from Definition 16.51 From CoroUarv 16.61 and [J [Theorem 1.19], we have that 
Pq = Pq,i ffi Pq,2 ® • • • ® PQ,n is a projective generator in '^(S(»B,SQ,n,G)- Let 
■^s^rSq (Pq) = Ends0RSa (Pq)"'' be the associated algebra, the structure of which 
has been determined in Section 8. Let Fq = S/Q be the residue class field of 
in S. In this section, we will consider the algebra ^/^^ = J^s^RSaiPci) Po 
In particular we will demonstrate that £/q exhibits a reciprocity analogous to the 
BGG reciprocity explored in ]7] and [2]. This reciprocity holds in general for the 
classes of algebras defined in [2] and [3], however the general proof relies on much 
deeper and more subtle arguments than those presented here. In our case the reci- 
procity can be seen fairly easily with the aid of the matrix representation of and 
our arguments permit the determination of the composition factor multiplicities of 
simple modules in Verma modules which are all either or 1 here. 
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We will first define BGG reciprocity for this situation. For background informa- 
tion on modules, see [3]. Let ^ be a finite dimensional algebra over a finite field Fq. 
Let A = {Ai, A2, • • • , A„} be a finite poset, with a total ordering Ai < A2 < • • • < A„, 
in bijective correspondence with the isomorphism classes of simple modules in the 
category of finitely generated left modules over £/, ^-mod. Let L{Xi) be the simple 
module corresponding to Ai € A and let P{Xi) denote a projective cover of L{Xi), 
that is -P(Ai) is projective with P{Xi) / Rad{P{Xi)) = L{Xi). P{Xi) is automati- 
cally indecomposable, by Nakayama's lemma ^3J30.2]. Every projective module in 
j2/-mod is a direct sum of indecomposable projective modules, each of which is iso- 
morphic to one of the P(Ai)'s. If M is an ^-mod, then M has a finite composition 
series: 

M° = {0} C C C • • • C Af ^ = M, 
where each quotient, /M'^~-^ , is isomorphic to one of the simple modules L{Xi). 
we let [M : L{Xi)] denote the multiplicity of L{Xi) in M, the number of factors 
]\/[k^j^k-i ^]-^g composition series which are isomorphic to L{Xi). We let M — 
M/Rad{M), where Rad{M) denotes the radical of M. 

Definition 10.1. A collection of modules {M{Xi)\Xi G A} is called a choice of 
Verma modules for -mod if the following conditions hold for each Xi € A; 

Mi\) = L{X,), [M(A,) : L(A,)] = unless X, < K, [Af(A,) : L(A,)] = 1, 
1 ^ *j J ^ o-^d any other si module with these properties is a quotient of M{Xi). 

Let Gr{s/) be the Grothendeick group of sZ-mod. For any module M in sZ-mod 
let [M] denote the class of M in Gr{£/). We have that the set {[L(Ai)]|A e A} 
is a basis for the free abelian group Gr{s:/), since every module in sZ-mod has a 
composition series. Indeed 

[A/]=^[Af :L(A.)][i(AO]. 

Lemma 10.2. Let s/ be a finite dimensional algebra over Fq, and let {M {Xi)\Xi G 
A} be a choice of Verma modules for .s/ -mod, then the set {[M{Xi)]\Xi G A} is a 
basis for the free abelian group Gr{£^). 

Proof. We have [M{X,)] = Y^j=l[M{X^) : L{Xj)][L{Xj)]. By the definition of Verma 
modules, the matrix 

((M(A,),?(A,)) 

is upper triangular with I's on the diagonal and hence is invertible. Hence the set 
{[M(Ai)]|Ai G A} is a basis for the free abelian group Gr{£/). □ 

Letting s/ he a finite dimensional Fq algebra as above, with a choice {M{Xi)\Xi G 
A} of Verma modules for s/ -mod, we define a Verma flag for a module Af of ^ -mod 
as a filtration 

{0} = Mo C A/i C • • • C Mr = M 
with the property that Mk/M^^i — M{Xi) for some A^ G A. 

If a module M in sZ-mod has such a Verma fiag, we define {M : M{Xi)) to 
be the number of quotients in that Verma flag which are equal to M(Ai). This is 
independent of the Verma fiag chosen since the chosen Verma modules form a basis 
for the Grothendeick group. In fact if a module, M , has a Verma flag, we have 

[M]=Y,{M:M{XMM{\)]- 

Ai 
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In general, not every module has a Verma flag, however in our category jz/Q-mod, 
with our choice of Verma modules, every module will have a Verma flag, stemming 
from a filtration in the category '^(S0fjS£,,f2.G)- 

Definition 10.3. Let si he a finite dimensional algebra over Fq, with the isomor- 
phism classes of the simple modules indexed by the poset A. Let {L{Xi)\Xi G A} be a 
set of representatives for the isomorphism classes of the simple modules in s/ -mod, 
with projective covers {P{Xi)\Xi £ A}. We say that the algebra szi -mod has BGG 
reciprocity if we can make a choice {M{Xi)\Xi £ A} of Verma modules in .s/ -mod 
such that each P(Xi), Ai £ A has a Verma flag and 

(P(A.) : A/(A,)) = [A/(A,) : L(A.)] 

for all Xi, Xj G A. 

It is not difficult to see, reasoning as in the proof of Lemma 110.21 that the set 
{[P(Ai)]|Ai e A} forms a basis for GR{£/) if s/ has BGG reciprocity. In this case 
the Cartan matrix of s/ defined as the matrix C = {[P{Xi) : L{Xj)])ij is a product: 

C = ((P(AO : M{Xk))) ([M(Afe) : L(A,)]) = D'D, 



where D ~ I [Af(Afe) : L(Xi)\\ . In particular the Cartan matrix is symmetric 

when the category ^-mod has BGG reciprocity. 

We now return to the finite dimensional algebra, Aq — s/s®RSa {Pq)®Sq Fq, 
introduced at the beginning of this section. We will show that s/q is a direct sum 
of subalgebras and show that each subalgebra has BGG reciprocity. This will give 
BGG reciprocity for si/Q-mod. 

Let {Eaxi i Eax2 r ' ' i Eax^ } be the right cosets of E in G. According to Corol- 
lary 13.111 for any given prime ideal 13 of 5, we have orthogonal idempotents 
{xi, X2, - ■ ■ , Xrn}, in the ring S ®r Sq, such that 

, . N f 1 if o-fc e Eax, 
"Pk^^^)- \ otherwise ' 

It is easy to see that splits into a direct sum of subrings since s^s^rSo (Pq) = 
Ends^RSaiPa)"" = ®T=iEnds^RSn{PQXir. Let s/q^, = Ends^RS^{,PQXi)°P . 
Since Pq is a projective generator for "^(s^^Sq.o.g); we can see from Lemmas 19.31 
and l9.6l that P^Xi is a projective generator for "^(s^hSq, n|z.,G)j where Zi = Eux^- 
The algebra associated to "^(s^hSq, n\z,,G) is -c/o.i = Ends®RSai.PQ^i)°^ ■ By 
Lemma Wl\ we have and isomorphism of categories /* : ^<o(s®rSq, Q.\z- ,G) ~^ 
'^(S®s Sa, cti.E), where Q.i is a poset giving an ordering on the indices of E, 
determined by the poset ^\zi- This isomorphism of categories induces an iso- 
morphism of the algebras .s^Q^i and ^s®s^So (/*(PQa;i)). Hence we will focus 
our efforts on showing that the category .<^s®s Saif* {PQ^i))'''^'^^ exhibits BGG 
reciprocity. In fact we will show that a category which is Morita equivalent to 
^S^s Sa{f*{PQXi))-m-0(i exhibits BGG reciprocity. 

Let Q,' be the poset {ei, 62, ... , e|£;|}, with the ordering ei < 62 < • • • < e\E\- Let 
Pe,q = ffi'=i^'-E,£J.ij where PE,€i.i is as defined in Definition 16. 71 Recall that we can 
show that Pe.q is a projective generator for "^(s^g Sq , n',E) using Corollarv l6.6l and 
[5 [Theorem 1.19]. By Lemma [4.51 and the discussion prior to it, there is a Morita 
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equivalence between the categories s^s®s Sq (-PE,£j)-niod and £i^s®s Sa if* (PQ^i))- 
mod, when the indices of E are labelled so that ft' — fti. Hence we shall show that 
the category •(^s^SeSq (^-E,Q)-niod has BGG reciprocity. 

Our first objective is to use the matrix structure of the algebra -s^s^sESa {Pe,q) 
developed in Section 7 to identify the simple modules L{ei), I < i < \E\, in the 
category ■s/stSsj.Sa (PE,Q)-mod. Using CorollaryOwe see that ^S(»spSn {Pe,q) = 



Sq 



S (^Sj, Sq 

{S ®Se 5'£j)7E.e,U/' 

{S(E)Se Sq)ie 



S <»Se Sq 
S ^Sj, Sq 
S ®Se Sq 



ur 



v 



{S®SeSq)i. 

(^®5e^q)/| 

(S^S^Sq)!^^ 

V 



iS®s.SQ)_ 
{S®Se Sq)i^^ 
{S(g>SE 
(S SQ)n 



"3 
"3 



J 



where Is.ek and {S (^Se Sq)ie_^^ A < k < \E\ are as defined in Definition 16.71 By 
Lemma [3.101 we have S (^Se Sq — Se[^] (^Se Sq, where 11 is an element of S of 
order 1 in 0. Let : S (^Se Sq ^ S (^Se Sq (^Sq Fn be the map sending si ig) S2 
to si (E) S2 <E) 1- Let Ae - (H) = II (E) 1 — 1 (E) (Je. (H), then by Lemma I3.12[ we have 
*'(Ae.(n)) = *'(n® 1 - 1 (g)n) = a, for 1 < i < Using Lemma [331 with R 
replaced by Se and G replaced by E, we see that if / C -E, then (5* (Ese Sq)i — 
n<T.^^/^e.(n)(5(g)SES'£j), where {S(E)SeSq)i ^ {x e S®SESa\4>'e,{^) = if a^, ^ 
I}. For convenience, we let — J^s^seSo (^-E,q) ®So Fq- We let denote the 
ring 



/ FQ[a] 
aFQ [a] 
a^FQ[a] 
a^FQ[a] 



FQ[a] 
FQ[a] 
aFQ [a] 
a^FQ[a] 



FQ[a] 
FQ[a] 
FQ[a] 
aFQ [a] 



a\^\-^FQ[a] 



\E\-3 



FQ[a] 



FQ[a]\ 
FQ[a] 
FQ[a] 
FQ[a] 

FQ[a]J 



and we let J^q denote the ideal 



/o 




-'Fq 


[a] 


a 


E 


~'Fq 


[a] ... 


. . . aFQ 


[a]\ 







-'Fq 


[a] 


a 


E 


-'Fq 


[a] ■ 


aFQ 


[a] 







-'Fq 


[a] 


a 


E 


-'Fq 


[a] ■ 


aFQ 


[a] 





al^l 


-'Fq 


[a] 


a 


E 


~'Fq 


[a] ■ 


aFQ 


[a] 


\o 




-'Fq 


[a] 


a 


E 


-'Fq 


[a] ■ 


aFQ 


[a]) 



By identifying 101(8)Fq with Fq, we get = ^s^s^Sq (^'s,Q)«)SQ^b = ^'qI-^'q- 
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By Lemma r3.12l we have that FQ{a) = is a local rmg with maximal 

ideal (a). Since is finite, it is Artinian and is a direct sum of the left ideals 
1 ^ i ^ \E\, where Ci^i is the \E\ x \E\ matrix with a 1 in the position 
and zeroes elsewhere. It is not difRcult then to see that the Radical of the algebra 
is the ideal 



/ aFa [a] 
aFQ [a] 



Fa[a] 
aFQ [a] 
aFQ (a) 
a^Faia] 



Fa[a] 
FQ[a] 
aFQ [a] 
aFQ [a] 



Rad{s^Q) 



Hence we have 



a\^\'^FQ[a] al^ 


\-^Fq 


[a] 




-^FQ[a] 














(Fq 








■■■ \ 







Fq 





... 


s/QlRad{s^Q) 








Fq 


... 












• • • Fq) 



FQ[a] 
FQ[a] 

aFQ[a]) 



which is a direct sum of simple modules L{ei) = .s/QCi^i/ Rad{£/Qei,i), 1 < i < \E\. 
Each L{ei) can be identified with the copy of -Fq in the ith position on the diagonal 
of the matrix above. Since L{ei) is indecomposable for 1 < i < \E\, we have 
J^QGi^i is also an indecomposable s^q module, for 1 < J < by Nakayama's 
lemma ^[(5.7)]. The set {L(ei)|l < i < \E\} is a full set of representatives of the 
isomorphism classes of the simple modules in jz^Q-mod, [3j [Sections 6A-6C] . 

Recall, from sections 7 and 8 that the module Hom{PE^Q, PE,o,i) ^Sa Fq in 
End{PE,Q)-'niod is identified with the i th column of the matrix ring .c^, sz^QCi^i. 
Hence we have that 



Hom{PE,Q,PE,Q,i) ®Sa Fq 



Rad{Hom{PE^Q, PE,Q,i) • 



Rad{jz^^t 



Fa) 

Before we make our choice of Verma modules, we will show that under this iden 



tification, the module Hom{PE^Q, P^e^q J (8)Sq Fq is identified with the following 



submodule of , 



1 st row — > /O 




th 



uFq [a] 
uFq [a] 

aFQ [a] 
aFQ [a] 
aFQ [a] 
a^FQia] 



\E\ th row \0 
















0/ 
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This follows from the following lemma since Ae^ (11) <E)Sa — 

Lemma 10.4. Let S, E,Q' ,£l and Se be as defined in section 2. Let 11, Pe,q. and 
PE,Q,i: 1 < i < l-E-l be as above. Let 

PeA^ = PEA^ ^ PeA^ ^ • • • ^ PEA^ = M 

be a filtration for Pe.q.i the category ^(^g^^ Sa,Q',E) (as in Corollary . Let 
Ae, (n) n «) 1 - 1 ® (Te, (n) e S" S'q. Then 

Homs^s^S.{PEAk,PEA^)-[ Homs^,^s.{PEAk.Pto,) ^ > ^■ 

Proof. Throughout the proof _ffo?7i(—, — ) should be interpreted as Homs(g)s^Sa ~)- 
If fc > i, then since 

PE,£i,k = 777— 7r-^ and Pe,q,i - 



{Stg>SESa)i'= 



by Lemma fT.ll and Theorem l7.21 we have Hom{PE.Q^k, PE,0-,i) — 



with the isomorphism from Hom[PE.o.,k, PE.Q,i) to — (s^s Sa)i<: given by 

/ — > /(I (8) 1 + (S* ^0)1% e )• looking at the images of the modules un- 
der the map 0', and by uniqueness of the filtration of PE,Q,i in '^^(s®SESQ.n' .e) 
(using Lemma 14.11 applied to the identity map), we can easily see that Pe q i ~ 

(ggig s^ji^ — Therefore, for k> i + l, we have that f{PE,Q,k) ^ Peq % 

all / e Llom(PE.Ak-,PEAi)- Hence Hom{PE^Q,k, PE,a,i) = Hom{PE,Q,k,PE.Q,i) 
for fc > i + 1. 

It remains to treat the case when k < i. If fc < i, then g. U lE,ek = and 
Hom{PE.Q^k, PE.Q,i) = (s^^^S^ahc — where the isomorphism, from Lemma [7. 1[ is 
given by / — > /(I ® 1 + (S" d^Ss ^q)Ie ^ )■ ^ow consider the short exact sequence 
of S (^Se modules: 

^ PE'A^ ^ PeA^ ^ PEA^/PEA^ ^ 0' 

It is not difficult to see that it is a sheaf exact sequence in the category '^(s^se Sa ,n' ,_e) ■ 
Because Pe.q is a projective generator of '^'(5,^^^ 5^x1', b): the sequence 

^ Hom{PE^Q,Plf^Q^,) ^ Hom{PEAPEAi) ^ Hom{PEAPEA^/PEA^) ^ 

is an exact sequence of s^'{Pe,o) modules, by Theorem I4.4[ and hence exact as 
a sequence of 5 (^Se modules. Now if M is an S" (gjg^ Sq module, we have 
Hom{PE^Q, M) = ®jHom{PE^Qj , M) as S* (^s^ Sq modules and therefore 

^ Hom{PEAk,PEA^^ Hom[PEAk. PEA^) ^ Hom{PEAk. 

is an exact sequence oi S^Se^Q modules for each k. Hence kerF — Hom{PE,0-.ki Pe q i) 
since i is the inclusion map. Certainly Ag. (n)_ffoTO(PE q fc, q i) C kerF, since 
Af..{Jl){S ®Se ^q) = {S (^Se "^£2)^1; u/b c J and from our discussion above. 
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On the other hand, if / G kcrF, then /(I (Ki 1 + (5 (»Se 5'q)/= ^ ) = A, {n)x + 
{S (8)Se Sq)ic^ ^^, for some x S 5 Sq, since /(I ® 1 + (S" 'S'q)/^.^,) ^ 
Ae,(n)(S'(g)s^iQ) + (S'®SB5Q)/c = (S-^s^ 5a)/c__^^u7B,e,+i + (5«)s^ S'o)^o 
Since k < i, we have HomlPE.Q^k^ ^£,0,1) = (S^'s'^Sq'^'^c — ' h^'^ce there is a homo- 
morphism 5 G Hom{PE,QM, PE,Qa) with 5r(l (g) 1 + (S'(8)Se ^ J = .t + iS(^SE 

»S'q)/= .) and / = Ae-(n)g. This completes the result. 

□ 

We now make a choice of Verma modules in the category ^/^-mod. 

Definition 10.5. Let M(ek) = Homs^^s^SaiPE.Q, Salae^]) ®Sa Fo for 1 < k < 
\E\. 

Lemma 10.6. The set {M{ek)\l < fc < \E\} constitute a choice of Verma modules 
for the category Si^Q-mod. In particular M{ek) — M{ek) / Rad{M{ek)) = L{ek) and 



[M(efe) : L{e,)] = { 



I if k>j 
otherwise 



The modules also satisfy the universal property: 
//{M'(eA;)|l < k < \E\} is another set of modules in the category s/^-mod, with 
the following properties: 

= M'{ek)/Rad{M'{ek)) = L{ek), [M'{ek) : i(e,)] ^ 1 if k = j and 
[M'{ek):Liej)]=Oifj>k, 

then for each fc, 1 < k < \E\, we have a surjective homomorphism M{ek) — >■ 
A/'(efe). 

Proof. As discussed in the proof of the previous Lemma, for any k, 1 < k < \E\^ 
we have an exact sequence of Endsig,Sj^Si:i{PE,£i) modules: 

^ Hom{PE^Q,Pl:''^Q^k) ^ Hom{PE,Q, PEAk) ^ Hom{PE,Q,Pk/PEAk) ^ 0' 

where Hom{—,—) = Homs^s^Sa{~T~')- By using Lemma 17.11 and the isomor- 
phism 0, we see that each module in this exact sequence is projective, and hence 
free, as a right Sq module. Hence the above sequence is a split exact sequence of 
right Sq modules, which remains exact when we apply the functor ®SaPQ- Since 
PE,a,k/PE,Q,k - Sa[a^^] we have 

, _ Homst>is^So{PE,a,PE,£l,k) ^Sq Fq 
^'^ ~ Homs^sESa {PE,Q,PEAk) ®Sa Fq ' 

Using the identification of Homs(g,s Sa {Pe,q, PE,s:i.k) with the kth column of the 
matrix ring ■^q/'^q , we see that M{ek) is identified with 

■s^Qek^k/Xk- 



Now it is easy to see that M{ek) = L{ek) and that 



[M(efc) : L{e,)] = { 



1 if k>j 
otherwise' 



Thus {Af(efe)|l < k < \E\} constitutes a choice of Verma modules for the category 
^Q-mod. 
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To prove the universal property for the set {A/(efe)|l < k < \E\}, we first show 
that each projective indecomposable has a Verma flag for this choice of Verma 
modules. In the process we prove what we need to demonstrate BGG reciprocity 
in the category ^Q-mod. 

Let P{ei) = Homs(SsESi:iiPE.,Q, Pe,q,i) <^Sa i^Q for 1 < i < Since Pe,q,i is 
projective in '^{S(g)Sj,Sa, ^',e), we have Hmns(g)s^Sa{PE,ii,PE,Q,i) is projective in 
Ends(^SESaiPE,£i)°^ - mod. Hence P(e,) = Homs(g,Sj^SaiPE,Q, PE,Q,i) <^Sa Pq is 
projective and is isomorphic to ^/^Ci.i as an £/q module. Furthermore, from the 
discussion above we know that 



and P{ei) is an projective cover of L{ei). Thus {P(ei)|l < i < \E\} is a set of 
projective covers for the simple modules in n/Q-mod. 

Lemma 10.7. Let {A'/(ei)|l < i < \E\} be the choice of Verma modules for the 
category jz/^-mod, defined above. Let {P{ei)\l < i < \E\} be the projective inde- 
composables described above. Then each P{ei), 1 < i < \E\ has a Verma flag with 
multiplicities: 

{P{si) ■ M{ek)) I Q otherwise 

Proof. For a fixed i, with 1 <i < consider the module Pg^Q^i in "^(g^g^g^-jQ/^;). 
By Corollarv l6.8[ we have a filtration in "^(s^s^s^^n'.B) for Pe.ci.i given by 

[PE,Q.i) = PE.£},i = 75— 5-^; = [PE,a,i) and 



For fc > i we have that (P£;,q,0"=- = 0fe('5' ®Se Sa)ii^^uiE.., = 
SkSQ[ak], for some Sk £ Sq. Hence {PE,Q,iY''-^ / {Pe,q,iT'' = S'aK-] as S (E)Se Sq 
modules. It is not difficult to see that the sequence 

^ iPEA^y'' ^ iPE,aar''-' {Pe .Q,^f''-' / {Pe ..Q,^T'' ^ 

is sheaf exact in '^(s.g.s^SQ.n'.i;) for 1 < fc < \E\. Since Homs(SsESaiPE.Q,-) 
takes sheaf exact sequences to exact sequences, we see that we have isomorphisms 
of Ends(^SESaiPE.Q) modules for fc > 1: 

Homs^sESaiPE,ilAPE,a.r''-') ^ ^ / {PEA^r'-'\ 

Now as in the previous Lemma, since the Hom-spaces above are projective as right 
S'q modules, tensoring by Pq is exact, giving isomorphisms of jz/q modules: 

Homs0SESa{PE,Q,iPE.Q,^r''-')®Sa Fg ^ Homs^^^So (Pg.g, (Pis,Q,0'='°-0 
Homsig,s„SQiPE,Q,{PE,Q,i)'"')^SQ Fq ^ Homs(g,s„Sa{PE,Q,iPE,Q,i)'"') 



Hom,sig,SESaiPE,Q, Salae^]) <E)Sa Fq = M{ek) 



s^Fq 
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iik>i. Letting P(eOfe = Homs»sj^Sa (-Pe,Q, iPE,Q,i)'') "^Sq Fq for fc > i - 1 , we 
get a Verma flag 

P{e,) = P{e,),^i D P(e,)^ D • • • D P(e»)|£| = 
for P{ei), giving us the multiplicities 



(P(e.) : Af(efc)) - { 



1 if k>i 
otherwise' 



□ 



We are now ready to demonstrate the universal property of the set {M(efe)|l < 
k < \E\}. Let {M'(efe)|l < k < \E\} is another set of modules in the category 
j2^£j-mod, with the following properties: 

= M'{ek)/Rad{M'{ek)) = L{ek), [M'{ek) : i(e,)] = 1 if A: = j and 
[M'(efe):L(e,)]=Oif j>fc. 

Then for each /c, 1 < A; < we have an exact sequence 

^ i?arf(M'(efe)) ^ M'iek) ^ L{ek) ^ 0. 

Because P{ek) is projective, with projection tt : P{ek) — >■ L[ek), we have a map 
r : P{ek) M'{ek) making the following diagram commute: 

P{eu) 




^ Rad{M'{ek)) ^ M'(efc) L{ek) ^ 



Let Ml = T{P{ek)) denote the image of the map r. For any m G AI'{ek), 
we have P{m) = P{t{pi)) for some pi £ P{ek), since tt is surjective. Hence 
Ml + Rad{M'{ek)) = M'(efc). By Nakayama's lemma, I3][30.2], we have Mi = 
M'{ek) and the map r is surjective. 

Let P(efc) = P(efe)fc_i D P(efc)fe D • • • D P(efe)|£;| = be the Verma flag for 
P{ek) with respect to the set {Af(efc)|l < k < \E\} described in the proof of Lemma 
110.71 above. We have 



(P(efe) : M(e,)) = { 



1 if j>k 
otherwise 



and P{ek)k+i-i/P{ek)k+i = Mick+i)- 

We will show by induction that T{P{ek)k) = and this gives the desired surjec- 
tion f : M(efc) ^ P{ek)/P{ek)k ^ M'(efe). 

If fc = then P{ek)k — P(efc)|e| = and the result is automatically true. 

If fc < \E\, then P(efe)|B|_i ^ A//(e|£|). Let r(P(efc)|ij|-i) = Mi C M'(efc). 
Since P(efc)|s|_i/i?a(i(P(efc)|£;|_i) = i(e|£;|), we have Mi/T(Rad{P{ek)\E\-i)) is 
either isomorphic to L^e\ or trivial. Since L^e\ does not appear in the composition 
series of M'{ek), Mi cannot have a quotient isomorphic to L^e\- Hence Mi = 
T{Rad{P{ek)\E\-i) ^ Rad{Mi). Hence Rad{Mi) = Mi and Mi = by Nakayama's 
lemma |3][(5.7)]. 

By the same argument, we can show that if r(P(efc)s) = and fc < s — 1, then 
T(P(efe)s_i) = 0. Hence , by induction, T{P(ek)k) = giving us the universal 
property of M{ek) and our chosen set of Verma modules. □ 
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This gives us BGG reciprocity for each category '^^(s^,iSq. ,g)j for each 

such category associated to the coset Eax^ of E in G. Now we can simply take 
the union of the representatives of the isomorphism classes of the simple modules, 
their projective covers and their choice of Verma modules for each category to get 
a set of representatives of the isomorphism classes of simple modules, their projec- 
tive covers and a choice of Verma modules for the category '^{s^rSq, o.g); since 
"^(S^rSo, n,G) is the direct product of the categories '^{s^rSo. n|B„^.,G)- Putting 
the results together we get 

Theorem 10.8. Let L, K, S, R, 0, *P, G = {ag, ,ag^,--- ,ag^ }, and E ^ £;(0|*P) 
be as in Section 2. Let Q be the poset giving the ordering gi < g2 < gs < ■ ■ ■ < gn 
on the indices of G. Let P = Pi® P2® ■ ■ ■ ® Pn, where Pi,l < i < n are as defined 
in Definition 16.31 Let As^rs{P) be the algebra associated to ^(s®rS. n.G)- 
Aq = Asi^rs{P) ®S Eq, where Eq is the residue class field S/Q. We can choose 
a set of representatives of the isomorphism classes of the simple modules in Aq 
- mod, {^((jg. )} which are in one to one correspondence with the elements of G. 
We can also have a set of corresponding projective covers {-P(cgJ}, and a chice of 
Verma modules {M{ag-)} such that the following reciprocity law holds: 
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1 if k > i and Eag- = Ea, 
otherwise 
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